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I t i s a imtt^r of gvmit |4.(i«ieuT« for sic to expreei* fyr 
dtepo«t mnagfm ^f ^iiiaefiilm«tn nM lr^«lit«da©«« to -oy «upervl«op 
mtMm tMv«r«$ltyf Aligarh* i^o took great p&loo in provi^Ung 
VEilt)£»lil« $nil(^ f^lo« and eoraitaot inspiration throuithout th« 
preparatlf^sn of tbi« th#t i» , 
I a» «xtr«^aftlf '^rattfta to Prof, '*;• IjJifAr rsarain«r!bain9an« 
T)«p£irt*iont o*^  ' >H0?»iatleiit Ui^arfe ^twilis! l»iv©rs«ityt'*Xi-!2irto, 
who im^ oXwrnyn infii;dr»<! me «md provi^kid IKT recoinit* f a c i l i t i e s 
for oiirtfim', oiit th i s work in t t» dcpartspnt. 
I w^ll b« fa i l ioc in ^ duties if I (So oot thank ths 
ttoivfrrfi'ity Grantfi Cowiineiorif %w "^slhit fof provii'ln-! as 
tin&miaX ss*»i8*af»« in tfe« fofw of Junior •'•i©»«arcfc r'ellov/^fcip-. 
^ narsisot tlionks ars also due to my Bovertil to;joh<?rs 
eind oollsagims in and octsids •:!}.* depart'^n*: who ts*w« b##n 
a sotzros of inspiration throi;;s;fcM)ttt this motk^ 
At tht sod 1 wotjlfi l ike to tbank '!r, nafses a v i for 
( I I ) 
typing tb« vwuiaorlpt avtieid.ouiily and neatly in th« 9inl«ts9 
pOfffdMd tlm»m ttomtwmTf i t iff not unlik«ly ^at nam typogra-
phioal ofld oth«r •rrom way ^vwltft for ^ulch I teopt that I 
•li»U b« •ieooii«4 m^r<Sing !9* a« histan being. 
t5««MMlb«r 1983 
and 99vlio&.Uorm ••of Kartfld Exeon (41 U4 An^vnAio nttidj 
of feypeps»0!**trlc foootioiai of eevf^ral v rlatol?** ainl tnolr 
ftpplioati rm to hyiilof>t f^tatl«»tioii and variety of otb#r 
fioldie wtirt> Aifioti09iid* ^»iao« that book irnrt ptib21»htd» A rws^r 
of a<Svanco« h4W» booa «saA« by variotw t»oii«areh worktrnt 
fi«p«ciallj, ';iBiK3h;^ n and rlvaatava (l6|» /^)ioauil (^  Jt^t^^^c^i^ 
and r?u«ia [26], :}«»hpaiiao [as] , ^han [5;]» hiio and Pat;h«ii 
[551, 6£>1» i*«^ *^ hmi (795 to (86l, Sterma [94], '^ H i^raa and 
Ablodun (95I, ''riva«t«Vfi ( l ^ l , "^Iviifftava luid Pathao (ll3l 
ana '^arliison [553» ""^'it «si^g»Bt« «iat thr? theory of nul t ip l* 
hjrperiseoiittrlc funetl *np o^ m bo i7!!*'*tly ox'ondotl and ^ a t th» 
roeailting theory will hsitve oon«iaorafel« Impact on ttie ni^j^otii 
thfxt orlfi.nally nosj^titca tho ettmmiotm^ 
lul t iplo byp«rgoow©trlo functionn oonetitoto a natural 
gttDorallrJiti >n o<* th* hypoi^cwetrlc fuiKstl m of omt variable. 
In tfeo proff^nt wot% the airthor explores the interoo^n?i«»otlon 
of dotil»le fcyper^oitetrlo funotlone of Appell [3] , •^»**'rt [4^], 
( ? ) 
Howl |48lt ^-9ifi(^ d« ?«rlet (4][, trlpl« feijn»?'*e^>a«tric ftmatlotw 
of •^ w«n [89l, Jain (5^1t ^rivaf»;ava [l >l], ^02] , ^xton [56]» 
*5lx"™^ l^l f <?uaar*-b-^  hyp«rgoaiiotrlo fenotloni of :xton t37]t 
[59lf Paftban [Ol] and n-plo hypfir^ ?»cw©tric funotioi» of 
Cai^«on (I9l. ^arlnoon ( ^ 1 , Patfoan ^ 3 » ihanaol fe4]t &5]t 
LatErtoella ^ o ] , l?«fe*>#rt (41, p«4a(2,l#l«l)l» By«4ljn l4l,p«42 
(2 .1 .1 .2)]• '^riTa«t«ir» mad Bxton [llO^, Kxton [58l, [ l l , pp.09 
(9.4.2)t 45 (? . l . l .S^^t W 5 . 5 . l f a ) ] , ^holr ©Jipantlono, 
gtfjomtln^ fttnctionot iiBarfatlr>n«i trs»n»fof»!i©<:loaB an«1 «e4t»tloao 
are uti^diod. % s^all ctotaln fo» FoiioXtti «bleh -say bo a* oowi 
mtoinafit and -»© eta** tho .tjeno^al oa»o la nthi'^h a pttttorwlii 
inrolired. (>«iior>al foi<!«}l«a ar@ deirolopod and their aoironil 
•pooial o«%flo«t 06ppl«i«atar3r to thopo in lltor^toro «r» ototaitMid. 
^«y do not 0oe!a to hair« e i^poarod in t*iii li*«raturo ait'? ferthort 
olthoegb tfeoy aro not dif^loult to QAitc^ n« ilo no* o««^ to b« 
othorwito w»ll known. In oono inntanoov, wo etialt ba ablo to 
dooorlbe o nmsbor of woll known i««tttltii as «p(K»i«d OMPQII of 
ottr flndingo. 
Thao ttoo idta of %!» prspont work i s t«o foia. ^iimt^wo 
eorrw^t «o«t wioll knt^ wn TO««ttlt« of '*anooha and '^feaifan [70J» 
( 5 ) 
end Ejcton [4 Xl, (41J whloh w&no «rid«ly u«i»« txy •?iaiyr rtt9«areh«f« 
eueh am ^3\an [%~\ in tht-ir voxic* f?f?ooiia, ^m attwipt to I*1T« nt« 
f«f<iid.t« lihioh ut^fy oM ji^ntralls* ovrtcdn reeoXts soatttrvd l a 
tlMi llt«rtttttr« by n anribwr of arorlMre f r ^ ti^M to t l a e . Atvoiig 
th#!a tlMi mmn of />bioaua [ l ] , Biiil<iy jfe], [l )] , rnsiljrl [3^]t 
&2j, ^han «»! Prnthaa [5*], [55], 'Chan f^?], [58l, taaoclio [68), 
(69], 'tonotjha and ""hftrma j jo ] , lunot (72]» r©i»o« [87l, ':haraa 
(94]. ^rtTa«t««ra (99], gia)], [x^6], (1)7], fe iVJ, ft:)*] , 
nrlvaiitaya ^n& ' xton 6-11], i*athan fol], (p6], ^{)«ll and 'Caaip* 
d« »'«ri«t ^ ] aa4 "rton [41] ar« worth 'Mntlonins;, 
.^*pter 1 contaiiiff dcflnitioon, notationn of varioun ^yp•r• 
^os«tr lQ funotione with t h i i r oaivrergonoe oondltlooi, %lii 
»tnni« two porpo«««, Flffit, i t diaccnpe© th# basic coiic»pt« 
and ^© baekg?K>uiia at ^ e foactionR^ ^Aoowj^it ••#*« to plao« 
th« study of l a t e r ohai>t«;r« in 0i»xh a way tkat «xplioit r«f«rwn-
o«a fmy be applied and b<i Drou^t gradually to a lavdl of oonti* 
d«rabl« iina#r«»*-.anfling. 
In Chapter I I , w» ototain a ntalK^r of Iin«iir ,bil inear and 
b i la te ra l mtmr&tim functionu for Jatootji, ^m^nXismd iai»wer^, 
t^tnwphorioal, Oegei*»aiiar, l«g#nar«, fdsebichfiffjnainvllla 
( 4 ) 
mfid !iif«it« pol^no^lalfi b|r «i^lns tarn of mri§f> i(S«atitl«8« 
kncHin feiwratlfu; taootiotm of lanooha ^ f l , *nmw« (9i] dnft 
f^ Mn |57.1t O$0j| af« eM»dt30«d[ at «|>ftalid 09Lmn from otrr ^ain 
f«fti4tfl« 
*»jBW!Mition fov«tila« for byp«r®!it>T<jtric oau pfwduot of hyper-
^oaMtrio polynosiialgi wro 6btaia»A by mnochm ana 'ttarsa trD 
whicl} are «}»» f*norall«a«ioii(i of tl~«« vo^ults of Ourlltt l l7l 
and Hali«a anS 'i&ltm j^?"]. In Cbapt<?r i n * m show ttiat certaltt 
•iMnfttionn of *^ ueioo^ a tiaS ^hat^a [7ll wett ^f^omom. fb»m 
forsttlttu i^f* corf«ot©d «lth %i« holp of frs^otlon^ dopHraUwn 
and ••rlofi i»(mli;ml«itionii« A nido variolar of $itrr»a':ioiifi ftptrtai* 
olftf to tiyp»rgo<i^ >otrto fvti3tic»iw of Appoll* C>ai2«»» HieriMirt and 
lampd <!« fozlot are Obtainod by opoir^tlonal •sioth&ls tram oar 
lain wtmmHom imolrlng f^viv^B^Awm*n triple i^ nd Kaapa ao 
?oylot*ii dotiblo oi^riofi, A fow knovn r««»»lfet of 'lenot t^^l 
involving ?aoObi*e and 4ppolX*«i polyaooislc follow aosW^ Q^iaX 
ea««fi« Cor^iin dotAilo infinite oit^ a involving App«ll*ii ?^ aai 
Jaobbi*« polynosialo art ali« A«di»f»d. 
Obaptffv IV io ooneoraoA vitb tb« ^evon orronooufi redvotion 
( 5 ) 
fOfflMiilat of ~E%on (4 Of [ i j for l«urio«lla9»P tripl* hfp^r^ 
iStovittric funoUojie F^  «aa F^^, '^wm torvxilm ©re cf>rr^?:#4, 
iSxtOB obtained th««« rofwlt«» by iii*inn Implmetm int@^r i^l repTvncn^ 
t&tion t o ^ ^ « r v i^th eon* known peoultd* Tmi^ n d «• i^»ll A94ao« 
tb«-i by fitn«ii taiaalpelatloiie, fit«eai^h mormm in Si^ >«olal feno-
tlojw aay iiotle« that tfe«it« rf?iiijl%ii of Kxtcn [ i ) ] , ( i l j f*#w«rrt 
to b«ooni« ^ore vld«ly amA in fBtsr* and «11l not b« ftarprlff«4 
to find a o«rt^ln «^JT*^1« on tfc«ir eom»ctlonp anA osofalntsfi. 
f!OM «ov« llanar and qu»dx«tio t^dtio tiaras and $vtinff''orfl|tti n«i of 
f^ into 'ajtpt d* ?«'ri«t's» IJorn'ft and '>ivaf»^3wa*« fonotlon* 
torn gi^A* 
Gh»pl»-r V dtmlft with a m»*«r of tran^for»ttioii and rtdoe-
tlon for«iiliui for '^Ivastwm'ii triplo 9«rl«« F^^', In f«w oaooa 
?^^' i« tranaforatd into laiirio«lla*@ trtpl«* nerim» fjj^' o^ 
ttmir otxioiOAtiomm '>cr mdn rotcltfi attf fliht^lnod with thu 
h<tlp of an ittt<?gral (8ll for a proluct of threo *^hltti\#iyi»« 
fia»tion« and an intttgml of C »^«on [76], Arodiiotlon' of 
ST'ivawttsra'a ?^'' into a ooi^ination of four "^.osspd do »<rri«t»t 
ftaiDtioaa ie also ^ivwn, A mnlier of kno«»n rmsiHtB of Ballty 
[6It [loj and ilrooot ^T\ follow a^ upooial canea* ftaotilta 
( 6 ) 
of %hi9 ahtkpt^T awi Ckd i^tlon to fii'?41«ir known r©il^lt« o^ 
BwKjh-mri and >iviiiit«va p.63 ?or "^-mpd ^m ?©rlet»«( funcfloo. 
Chafittr VI le d«vot«a to tituse^ 'oreMitiOQ ana T««oe%Jon 
tormUm of ^xton'f fuoetlwi* ^^^H^^^^ and ^^ r^i^ '^^  of thrmtt 
f^vltttlmn and K«f ^2 ^^ '^  S ^^  ^ ^ ' •atf^ al>lQfi into funotlont 
of invaiit«%Y«» KaMp^  f!« ?4n«t , kpp9llf tiorrif i4aorlo«lla« 
e«il9oa, Fath«n iwirt t i toa , nmm i^miltii of •^ amn t^ funotlofw 
•p<ieiia QMNiii. Th* r^fiiBlts tht2i> d«dtto#i enable its to fina tht 
ei»iiooiat»a variatlomi of e«irUar iruown mtsulte of i*t^tma [7B]» 
[ B i t [85l» ^ a t t j i s j , Poadey {77], ^xtoo t^ll, [42.] , 
^trivaiitttva (l 7] and K^ a^n and ?athao l55l« 
'liaotlOfKi aftft o^atlorw ha*t baea mi^ai^^a ohaptsrwliNi. A 
ooeipja#bai]0iV9 biblli^ xr'a{3bjr g^^ a^ura at tt^ ^ and «l«;h tb» at>tlK>i-a 
tumaa in aliitiabatioiil ovdcr, %fas«maa to t&a bibliograplqr 
arfi aeni^ orad In bwiokata* 
Thi« thaeia oofjoledaa vith an a|>p«aAix al^ iloh oontaina 
rapnttta of m faa pt^llftiha^ S»apar« and ooplaa of aocaptanoa 
1 attars* 
( 7 ) 
rtm pftrt of our work whioh has b«efs ptl»li«>ti«4 or aoe#pttd 
for iHJbllcafel m ! • slvvn bolow, 
I , >i ooBw twmnfoiaatlon and YvAwtlon foraulao of ^noi^IiitA 
Hotn funotion E^^ '^ - I , Pt^llnHod In 5oooh«w -U of 'futhon*-
tlool aod flatoml ''oi«iiooii» & (1982), 165* 170. 
2« A not* OR %h« 7«dtiQibilUy of tb« triplo kyporgocMMtrio 
fanoUofl ?-». f^lliihtA In mth. Clwonlol©, U (1985)• 
129-' 155. 
3» On App«ll«8 polynomial ?g» ^oo«pt«d in o^aatan^  J. ^tti. , 
IS (2) (1904). 
itilo papor «Mi aloo pve99nt§6 AX48th Annttal Gonftwncso of 
Indian mtbo^*:10fil P^ ocietgr (1992), 4b«twet So,l^2tP.47. 
4. On « i<iodi20tion fonufla of i^iaiiik do Feriot'e h r^pornoonotrlo 
foBotion of hitter oinftert Aoo^ ptofl In B«ll. Inrtt. *%ith. 
Aeafl. ^tfHoa, U (2) a984). 
5« ^ oortain ooabioatiomi of f imto mmm icnrolving trlcJlc 
b/poritowitrie oorloo ?^^\ ^ooptod in '^ f^ tbo^ wtloao 
Botao (19^4). 
€ , A mto on hyporstovotrio polynoiialot Aoooptod in J.Atmtrml. 
mtli.Soo, 5«flo«i a AppUoa ?lath. (1983). 
( 8 ) 
7. JL note ** on th« sua of tppcU ftsiotion ^2** <^>«P^H 
for p«lbllo«tlon iQ lodieii J« ?ttrt luid ^pptl«a iatb« 
8* ?iaitt dotibl* •BM of ^^ai^ Ae Feritt'iv hypvr^oiMtrio 
ftmotion of hi^bcr orii}«r» 
?lil8 pa^tv «wi pf«f»«nt»d <t'b49ti) Aannftl Coaf«?«no« of Itidlaa 
»^tti«aa«i4)a 5*>oei0t3r (1983), Ab0t^ aot '^ o, (i>& . p ^^ • 
X h&p^ tbln th«9l« ha* pf«09Dt«d topics ia ^eltlplo lifp*r<» 
g/Bomftvic tvmo^Qtm of «rAaf intoivot and h4U9 raiiwd nono proCiloat 
wortbtj of fcrtlwr rooo^ioh. It has boen our «1^ aji4 4o«»irt to 
flbotv that tS^ro i« & fruitful intomotion t%.ns\ countotion botvoon 
tbo bypofisecMMtrie fttootiono of Alff(>ifont typoo omS natoro ^ 
«b l^ ait tbo SK^ ao ti«» dMionotratiiig tbmt 'Wltiplo hj^xntonotflo 
••rlos po««t«o a opooial obar^ttr anta bav^ portieular applioa^ 
tlono «biob olo^xly -atico tbon not joot a otibtopio or oorioB* 
goaoxvkliaiition io tb« study of hyp#rf»o«otrio ftmotlooo. 
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of l4it3rioeUa*0 funotlorw 
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C i n ) 
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6.5 ^odoclbllity of "g-funoHoa ...120 
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BBL1»'APUT , , . , , .(l).(ieTl 
APi'SHt)lX , . . . . . X I X 
C£AP?|H I 
A pointr fM»tl«p knomtx a» Qaunftlan hyp«n»eo«r«Btrlo funotion^ 
iifi given by 
a 
irtieve 8 i s A t^al or oonpl^ K varlfll&X»» ii» b and o am 
para i^etf^ m Mhich can talc» arbitrary rtal or ccnpX9Z valtMi8« 
c y* o, - I , -2t . .» n^d «»• Peobhmnffr noNbol (a)^ ^ aenotim !*i« 
quantity in t9r%9 of i^ timtA funetic)!) 
r(a+n) r 1 , i f n • o , 
< • > . 
^hiB funotion i« of ftmdaflMrnftal iaportanee in th© theory of 
Sptoial fumtiomi, ?h« importaooA li«(i in the ^«ll icno;»n f,^t 
that alsoiit al l of fth« ooasioiay uood fDiiotloae of ^plicsdt>l« 
iyS:itb»i»atlo« and t^lKioisatioal pbyffion am •spr«»slble sm Itn 
( 2 ) 
m'smoleSi or Qoaflmat ommn* 
?h» l3yp«vg«o««tflo tmatioa (X»l»l) can be generallev^l 
by tl^i^x itmr^mttin^ the mniber of ao<Qorft%OF» a«RO«iin$ator 
pararaotdm And rarlci^les* Theno i^noralisationshav^ hmn f«tQ l^«4 
by woir wm^roh «otie«r«« ';^i« chapter a*:»:o'^ tf? to ijivo a briof 
aoooont of ^bm b«oio thuory of h3rp«»rgoofmtrio ftsnotiomi of <»)• 
wtd siore veHafclee, fo hii»o btoo guldod by thp uoal of a nuffl-
eiently d^tailod expooitdon of thont tcrp^rg^o^^^rie ftmcti-^tm 
«)^ iob are of oc© to our lBt«r oba|>ti?i?o of th« tke«$l«, }% ha« 
n««ur«iXly l#d to • ei>r*aln ottpftall'^ ettt of t*»e purwly theory tie 
part on* proportloe of otbor tyjwo of Special ftsactloos. '^ » het99 
ftliHir* soosbt th« ni^ s^ofit way of dofiniog tho byporgoo^trlo 
ftifX)tion« ana d«rtvlfi^ their ««t>o**lal oaans, without eoi»(»r8 for 
hlatoHLoiil or otbor oo^uiidortitloaa* 
The fiinglo teypergtowttrio ftiaotioti of higher order i« 
d«finod by 
P Q « 
fli^*0 S ^^^^a] 
( 3 ) 
ftfid a«iKwiinaftor pftx«att»ni ^t t>2f***» b artt n©ither »•»« nor 
n»gfttlT» int«8tr{ti mamvmtor pmrmnetor® Oj^ e a^***** % * ^ 
b« MTPO or nogatiro lfit«g«ni« 
fho comr^ri^aoo ooodttlvno of pF a ^ givoo below ! 
( i ) 3f p ji q t tho ii©i-lo» qoirtr«ri'#B for a i l f in i t e a (T^^^I or 
oonplAx) cmd i t in abooItitolT ootsvorseat i f 8 * l« 
(11) If p « Q»l, thft fMri«ff ooiworg©» for ja! < X. 
( i i i > I f p > Q H , ttm aoriod ofHf annrnme* wt'^ jo a • o , 
U r ) 2f p " q H , the B«riaf» li» abeolutoly convergant on tba 
olrola {a I * I* tliat i » 
(I p 
^ ( > b^ • .*: at ) > 0 for a • If j»l J i - l ^ 
aAl 
q p 
1^ C :^ b^ - r; « , ) > -a for a • - l . 
Whan p » 2 ftoa Q • l» (X»2.l) redoooff to ordinary hyf«r» 
gaondtrie fumti^o ( l * l « l } of aaoood ord«>r ^^ 'x ^ ^ **^ Siv«n ^f 
( • ) 
• ?• OsBSii i n 1612 . 0 - P 
^^n p •» Q • I t (X»2«l) tudijoes to Qonflvent t^ri^f's«o«#trlo 
ftmotlon ^?^ and IKM ssi^nn by H, H, c^tast^ r in 1896. 
In Xdeo« JLpp«ll |5l IMLR a»fi n«d tt;i« follovring four d(H!t»l« 
••ri«o of tMK»ona orAer 
?• j«ibtCtaiX«yI • ^'' •"'" '•" •" — -t ••4U«3»i) 
f.(«,b*»o»d^«»x»y] • E •'•* ••"•"• '• " ' • " ' » > . > ( i , 3 . 5 ) 
f ^ ( k ^ b i o , d » « , y ] « > '•'••'•'- - • • •••'•• "m . • • U . 3 . 4 > 
'3) n ( 
'Pht t*«ionii of oonv»rgonQ« of fipp§l^^n mri%9 at^ i^v4Q 
b«low 2 
{ 5 ) 
• ^ • • I I M I I M W 
fJIf'^ 'If r 
•••••••«M«<M>Mia>«M W — W W Mr «n—>IIM—«ll»»1H»«l—»«WW»W>MI.«»»»»«i — —••»•>• 
-^ ^Xos or c-?!ivrf«orXE 
\xl <t. b l < X 
f. Ixi * ly| < I 
1x1 < I t Ijrl < 1 
|3j|l/2 ^ jy|l/2 < 1 
IHWW<ilN>it***yi^«—«fcl» WWl.' mwmtm'mwmtmmMmmmmm-m.m 
1.4 atecai^ JLoaoiLM : 
la I9i?'>» iiiabert [491 sa»« ^^^ f^mrftn double Mrl«8« :^ *» 
of %h9m AT% sirmn ^«lo« : 
^ ^ b j O t X t y ] * i 
( • U « (bLx-ar^ 
'sj*n ^ 'a 
"•"^ ^ <^»Wn «! ^ 
*..a.*a) 
^2{»»^teiX»y] 
^(aib>x,y I 
H'j^ [a#bio,4ix,y] « 
(a)^Cb)^,^y« 
' ' • '^ <«Vn • ! '» 
« (ftL x*^  y" 
^''VB'"'" 
<»W <«'^  «" y° 
* » ° ^ Co), (d)^ «l nl 
• • 
.(1.4.2) 
.••(1.4.^) 
. .•(1.4.4) 
( 6 ) 
«• (a) 1^ y** 
l^2(avb,o'»K,yJ • :: —MJIS -^^ . . . (1.4.5) 
***^ Cbyo)QaIni 
For X an« Vj^t -« « • • * l«! < I <^>r oonv«r^t«»no«, tiJt 
c o B » » f ^ i » « 1» cj^»rarl««r isire(rt;'^"iot«d. (»©« p-^T* P*^ -^® 
C f i m t l l i » ) ) . 
I3uplftg 1889 to 1959» '*om &6] ha» b ^ n a«*flft»<! aany dotjbl* 
fcyj»t«»«««trlc M r i t P of Micondl o j ^ r , fotsr of tbea art «J1V«B 
Ik ^ybyOfdfXfjrJ " ' '"- ' " '"•" •'- " ' •»<•••'—«••» y . • • ( 1 . 5 . 2 ) 
( a ) ( b ) x ^ y*^ 
ll« [ & , b « 0 f X « 7 j •• **. '•"•••"• ••"•"" • • » • • •'"• « • . • ( 1 « ! 3 . 3 ) 
^4 [*»*>#«•*tXfy] • i •• — — '-»~» • . . • ( 1 . 5 . 4 ) 
b«low : 
( 7 ) 
•^•»**>WHI|»a>M>Mto«|»iMIHl • • • • M M r f l B V i N l 
fmnxT.** I tikvt?Bnikn ns^^mon 
r • • • l 
4wi • <«HLr 
r* (•- |)^ - I 
•!• - (»-l) ' 
conver^iio* of th» ooir«««Bd d<i«S>l« power fierier mioh that 
i4it F (3«not«>(9 tilt Cmp« d« F«rl«t*ii doiblt l)srp«r» 
f»os«trrlo ftifloti m [4» pml%^ In th# sioaified laatatlan of 
nti^m^tim, and !=mn«« ^2 2, pp.4a3(26), 4?4(27)i AM also 115t 
X, y 
'*-"^ LK>\ni L%>3« BbH>\-' «' 
. . .a«6. i ) 
( 8 ) 
^9re tor th« nakt of ooQ«»»i«no9 (AJ^) itJ'jrevSat:#« !th« arr«y 
©f A paTWWti^ fW A t^ ^2****» *A **^ t^^Ta" ^ ^^i^m •*^*^ 
• i ^ l a r l,nt«i^x«t^itlon8 for (tt^)* (^3) • ^t oeUro &n9 for 
oowr^ rgf^ ntj* of tt« double hyp^w^oamtviQ ??®n«0, 
(1) A*a i K*a, A*D i •^Jl and nam ^  }xU ly \\< '» t 
or 
( l i ) h^ • E*o*it A*D • .^'•nn ana 
llnle function wie ln%ro«tiO«?a ia 19^1. 
i»7 i*4ima-.^4is.imxaais I 
In I89?t I>a«arie«lla |60^ pp.ll^^iH] g^ve th« fourteen 
byp«Y«»Ofi»*:ric fuiictlor)iP» out of uhlch throe n^l« 0«rl««i ar« 
i^ iTAtt b9lo«r inhltt notations 
<» ^  *a, . . . .-H^th >n,i ^ ''a >^—("n ^"^ A , , . A 
. . . a . 7 . 1 ) 
( 9 ) 
.<n) 
^^ L®i ^ t . . . * t>af Of « i t . . o « n ] 
(a 
V - - ^ - « (cy . ^ ^ _ -I,, 
4 . . . ( 1 . 7 . 5 ) 
• • • •n 
?he f<e i^0n«4o c»av9r^nci« of flbor* e«ri«fi &T9 f^v»n by fMarm of 
flbt folloeflnt ^al>lo : 
•tKRlF*^  
»(n) 
v<n) 
p(a) 
Ri^IOH OF C}0H7K:IQK1^E 
N^l -> • . . • Nj , ! < I 
1 /!> ^ / 2 
N^l < l » . . . i \^^l < 1 
l i« r««aiains laurio«Ua*fi trlplo hypor^»3«trlc ftmotiooii 
of fNKSond tmlor »•»» jtl^^n la ??a!raiii*8 vorleod fK>tations[-?^l j ^ . ^ 
of tho*a oi^ slvoa bolcM ! 
( 10 ) 
Pg (_*• t^ f^ bt 0, 0^  dt •• f i X, s* z J 
I. • * ' • " 9 • • • ( 1 . 7 . 4 ) 
•ffttP^ (a)^ ( , )^ (f) a I nl pi 
Fp [ a , ft, ai b, o, b,' d» o, e,' Xt 3r, 8 ] 
l»«M»«B«aMWMMa»« 
£ m w w u i •••II iimimin • miuawi MIII w iimm ii MM. 
. . . ( 1 .7 .5 ) 
F^ [ftta*** b, 0, di •« ft ft «• F» 8 1 
(a) Cb) (oL C«) x^ y" «^ 
• ;. ••""•• • •"•• • ' ! •'•" — . I . . . . . . • • • • • • • ^ • . . . • • • • « , . • . ( 1 . 7 . 6 ) 
F^ [a» bf bi o. d, • } f, f, f,- x» y» « ] 
. . . ( 1 .7 ,7 ) 
In I97*f ''aflf»«»on (52,p.2431 *^^ ***® follosring twslongi 
of ocM3V«r^ no« for tht ribov* 9itati€oc4 fi«rle@. Mthou'^ b th« 
i^gloxie of ooasr«v«;«OD« of diffftr^ot t?iplo Mrie^i havo boon 
etodind by psaiv ^thomatioiauii l lko '"won \0^]f "^iwiitav^at^ej, 
Phitvan p"] and PAC^OJ [^)» «*ii<'b bav» been g i ^ a eitlier 
Inoorrwctly or inofrnplmtmlf^ 
{ U ) 
h 
h* 
h 
h 
h 
'F 
'a 
h 
, 1/2 1/2 p 
0 < 
« 1/2 1/2 
r<a-«r:t *» • I 
v2. 
r*t • I , r*p •• I 
imammmimmmawmmtmfi^'mm^mm 
I-*l» II • I , ft " I 
i^« i i l» i r»—«»—»«f iM H I nil 1 1 
irtMirt rt « afUl t ai*« &amocitif6 radii 4- oon5Pt-rj«m« etich that t 
jx I < r» |y f < • and {»;<%. 
i.e a^aj^ ^ais i^iiiiiias : 
In 1963. CarlKon ^% p,453(2»l)3 «*•• «**« fcAlatdns n-pl« 
hyp^m^g^ttetrio function In tim torn 
• • I ••<l>«iMl>«»«»i»WllllWiW«l>«»l»WlM«»«»»»«l*«l»«»*l>«W<M»l null • • II MM l l l—M l l HMMi 
S"^ ^ h * V — % \ n , . ^ ^[ ^2!— •«! 
. • . (1 .8 .1 ) 
( 1 ? ) 
If |(l-«i^)| < 1 , (1 ^ i ^ n)f »n(i by lea analytical oontinuatloo 
i f { Sirs 2« I < «• 
In 1966, Jain [so] ,faw siaqy osnflterit fome of LaorioolU'o 
tviple hyp«rR<»oao%rlo functl^ne. On© of fehesj ip niv«n In •th* 
fw» gOg p , 3% (2.0)] 
(1) 
«! 5^ 1) Lftf b , ov d; Xt y, z j 
•«.n.p-o ( ^ ^ ^ ^ ^ ^ , ^ , j ^ , 
?h« atow» 9«ri«ii (1.9.1) In lixton's notatirsa |36,p.tn]t 1« 
giv^n by 
of thorn 1« .iv«Q in the foea 
J% C»# ^» c» ''^ # e» f» Xt y, • ] 
f9,n»p-o (d)^ (•)jj (f) wl a l p ( 
( 13 ) 
"%© rtglon of conver^eao* of at>ov« mri»m in fXv^n in fth« f<mt: 
r*m*t^2 (rot) •» I ouch that .x !< r t | yk • and f-zK t -
In 1%7» a oniflo^tlon of iaiirlo«lla«« foiJrt««n triplo 
hfpmvgetm^^ric function© '^j,t».5 ^4 ^^ % ^.ll3-4UJt«xt#ndo« 
E* funotinn of 'tjaiwi. [9lt p.6l3(2V] ana thiree additional 
fenotloao u ,^ l^ ana ti^  of " r^lva t^ava ^ I , p:>,99-4"^» MO aloo 
9B and 103 3 •©!» '5l^ on by Srivaotavo [lO t^ p.4i?8] in ttio fowi 
1 
..(3) 
<o^ )^:: (t>jj)i(i>|,)i(b.;!,):(c2)i(o^,>i(c,.,,). 
» t , . . . » . , « t 
t^^^.n*p t^^8%^ R^B«^n*p t^^:'*»^\^t(«C^3, 
•••• 
[(e'.)l„ ((ojl.n. t'y".' 
W « l l » « » « » « » W i — i 1 1 < 
C<8j«Qn t^3««>3D 'a^ajPl 
fho wiclJn of oowrorgonoo of afcov© t?lplo power o»r>l«« i» flvtn 
lo the lltomturo g6, p.l5<»f o«» aXoo 23, p» 40 ] , 
( 14 ) 
A*B«*3««H"J*« i !)• E« • f««* 0 « \ aM |x{ a , {y|<l, la!< i ; 
but If A->B*B*» • Q « D • ^•^••'^4H1, ..•B*B»'K!» • B+S^^ '^-tU'nt 
.4"»8»*B»» • ^'^ • l>*1i» • ^ • • • a ' * • I then |x I, lyjnnft !s I 
are to b« f^ntrletud approprla*;«ly, so th t tfee nerlei* lnYolT«d 
ar« ait her ttr^irwtlast or coiwe^i^cnt. 
In I973f rriraotava and Kxton Qio, p.37i(12,13)] gara «h« 
following iwpla ftarlae 
• • . ----n ni 
^or ragion of cocnrar^nea of above upri©**, mt hava 
|x, I < If 'ii*n-i i < 1» *ii "^y *''^* ^^y finite valua* 
In 1972, ^ t o n (57s •#« aliio 391 *^^ ®^ 1^ QuadTttpl® hypar-
S«w»atino functions. Pour of t^w in tha fora of explicit a^riai* 
axjianeiono «ra given below .' 
( 15 ) 
Kg(lafata»ai t>»b»btCidt«fffS# «t y» a, t J 
» >..IMII.lll.MWlll«. •••...Ill .1 « ll«» ^ » , , ( 1 , 1 2 » 2 ) l > » l — « W M — l 
••n,p't'^c,^^^ ^^ ^^  ^jj^ jg^^ « ) a , p I Q I 
K. ta«atRfa| b«b,o»o» df •« e, a*t -£# Tt »• t J 
»«H*MH«Mav«B«|MIMa«»« 
«,n;'P'^-^ (d)^^ U ) ^ ^ « | n l p ] (5( 
r^^ |_a«a,a»a| b,b, o,di Wt ft J5t ^i «# yt 3» t J 
• ,>^  1 i « » — I M I i W i 1 • • l l » 1 < » « — W — W W — * » • » « — W M W HI •HIM«ir HIM « — » » - • • • V 4 > * X 2 A % } 
Bw ««gionti of eot!nr«ri!em« of abort qtsadrupXe fieritfi, 
ney bo itKr«atl&it«d bjr «9oans of ^tm gt^nerol ^booxy of ooavt^r* 
ffomo Riven lo th« boo* of sxton [41, p.C5], 
Kxton Inoludod the following ^roo «9oro a->|)lo Mrieo 
( 16 ) 
in Hi* w>«Bt book fH, pp. 43(2,1.1.5)» 97(3.^^.1,2)) 
(t»^L •,.(l>n^L x^  . . . X '^  
»X^%..*«a «xi ••• *n i 
• • 
•nA oo»f«ftt*« for all fiait« valuo? of X|^».,.« x^ « 
n 
• l "hi 
* l . . . * l l 
•'"••••" i"—-' '• t . . . ( l . l ^ . C ) 
<*f^^«> [«, \ . i , . . . . b o i 0^ . . . . . OR> X X . . . . » « « ] 
<«^>2».* 
( 17 > 
•^n fV'glon* of eofm«i»K»no« ^ abovp two i^&mv Mri«« 
Cl.l:?#6), (1.12«7) «*v*?^v«nby ?:a«i»ion (5% P.73] in 19784fi 
Hi* followiog fom 
«|;^J':-<^ 'i^ Oi-^ "i?t 'IP c -mivi^^ii^c^ 
(lt)j, (n) 1^  *k*l^*K:*2^»***» ^a^l 
(bk (n) r 1/2 1/2. 2j{x^i • . . , • iJt^ ! ^»-!«3j^ X'" '^^ '*^n' ^ ^ 
1.15 iu.:Mi!aJisi2iaii: 
.(4) In I979t a ^ o » i ^ f^U*^ ti?gl« hyp f^naoaoferio nvri** I'p 
«a« oon«id«v«d by Nathan ^3t P»172(l»2)f ««© al<»o 84tP.51 (I f) 
In th« fom 
P (4) 
(«• t ) : :(^, nus,, ),(»|, )t<^5. ):(h^ )»<ks ) i (^, nco^, )i 
«• Jt «• U J 
(18 ) 
X^ yJf « • u^ 
. . . (1.13*1) 
q\ T\ W\ 31 
It Imlne onScrxvtood that )s i» |y!» \i\ aoA {Q I «V9 
suffioiently franil to •niii;ni t l» O9inmi^ «no« of «ie oooRvnitd 
"^ h* f?jllo«lii« TOduolbl* CAMS of fy* are otovlowi ; 
(1) For K or y or « or u • Ot or any om of th« noserator 
(bjj), (k^), (aj,), <aj|) i s «•«># ^^ "^ ^ rodwso* to 
« awiOT^ a olap* of th« trtsa* hyp#r?^eor!«itnc 0«rl«« f^^' of 
r^rivaatovot ?;lvon by ( l , lo ,2)» 
( l i ) For *> • F • 'J « n • If • '# » A« • B« • :>• • '''* • a* • o 
QXA A « 3 • tt • f* • 't» • «^ • n* * 1 » ?p r»tluc«« to Kicton»« 
ftmctlon 2^&j^ f ax»«|.»*l»h,»*l»H* "!• H* H* H^ "i»*ty»»fO ] 
given by the e^iiiatlon Cl*l2«2) and ir^  related to Ohandel'e 
fttnotloo [41t pm%] 
( 19 > 
( H i ) •*4<illafly by Butt^lt aajtiee-gtnt of para-itterf* and 
varl«gJl«» la ? | * \ vm can tmiXf cfbwrw that f^ *^  1« a 
unification of ^11 qcaampla l33Ppergtos«txlo funotitma of 
<o) (4) ( l ) (4) (3) (4) ^ 
' ' ' '*^'' (1) ^ • ft) ^- • ft) ^^ '^ *^ P.120(2.5)| 
, (o) (4) (1) (4) <5) (4) .^ -, 
Ma alao 25, P.177], l3Kton'» ^^ jj , H^  . i?^  L^^l 
(0) (4) ( l ) (4) (3) (4) 
K, 15 (41, p.39(?.4.2)] , ^ ^ . r^5 (2)*^ * ( 2 p * (2) 
(4 ) 
[41,p.'m(5.3Alfl5)], ~£i {41, p .43 (2 . l . l . 4 ) ) , 0^*^ givan 
by tba aquation (1.12.5), K^rlaaoa'a F * j^51, ^•265( l )J , 
LatirtoaUa»a F | * \ P | * \ P ^ * ^ ^ *^^  (60,pgU3-4U ] , aasa»on«a 
n givanby tba equation (1.8.1) , Httito«rt'a 4^'^*\41,p.42(2.l,H)5, 
^rdalyi'a ^J*^ [ 4 1 , p. 42 (2.1.1.2) J and -^ivaiitava'e^clt^v^ 4,^  
flvan by tlia aquation Cl . l l , l )« 
2.1 i^irmiansa : 
Lit c^i n • 9fl»;?«,,« t b« ?i sptclfi^a <9@qu(ioct ifid«p#a-
te&t of X aod t , t^ 99^ tbat Kx«t) i@ a ^neraMng fonctlia 
Of Ife* Mt SQ(3C) If 
a<x,t) • " e^ g^(«) t" . . . . ( 2 . 1 . 1 ) 
•^ ht purpose of «3i» chapter It to obtain 9om9 lin«ar« 
bi l iae F and bilateral j|«n«i^xtlfi3 ftinotlorm of (!if*or»nt kinda 
of byp«r^ .eofl»t3!*lo polyaoriiialo. 
In ••otloti 2.2, li^se r gaiMUpatin,^  fufsotions for «?«in and 
od*i byi^rsao-wtrlc poXyno«ial« ar« cbt^inad by >aaking turn of 
M»rl«ff l'l«ntltl«e. i^ y th9 proo9»9 of oonflii«ifio« and i4|>la»o 
trannfoiTO t«»chniouat «• derive aoa© «ore linear s?«»n«rating 
funetlooii for Jaoobi, i8ar»?tillB«d l4i?fe«rr©, ^ltra«ph«rloal, 
(Seg r^&atiort Lafian«3re» ?ohabicheff, Balmrillo and i ar^ita poly-
no!ii£ila« *^ o«aa known ganomting fuoetiona of tinoctsa |$9l and 
^firaa [94] arr alao cibtalnad aa apaoial caaee. 
( n ) 
lo Motion 2.5t a bilinear gootmUos fimotl ii for Jaooibi 
polynrmialii in obtalCMd by WIMMI of the fr^sctlonal aorlvativ««« 
A (iart»or of iaton^eting llQ^ar* bilinotif &n^  bilateral i7c>nofti* 
tinjj fonotlc^na for JacObl a»3 iiiagoorro polynonlalB are aerlvoa 
Oft •pacl«l Q&me trm our inaln iioaoratiiii: ftmotion, Kncnm g»n««» 
rmting fuootlone of *han (57]t [5iJ] ar^ aluo aeAoood M •ptolal 
6AMMI« 
?{)• idea of ovpax^tion of a poir^ r noriei* into Its «v«n snd 
oda tenWf oxhibli!(«d by ttie olo^aootary identity « 
)^; A(n) • K M2n) • s A(2nn)» . , . (2.2.1) 
HFo n«»o tsFo 
i » at loast a» old« an tho mriem tlie?t@olvc?e. 
3y ufting ( 2 . a . l ) in ^ « is»at«tilis«d l%yperg«»03otric mrlo« 
(1.2.1), 3arr [11 , p.591(l) ] Obtained the follo»ln»f byptr-
soooiotrio tmrin^ iA^atitj 
P 
P Q • ' " 2p^2q*l 
2 ^ ^( iwi'4) jj2 
( 22 ) 
^ 
B IT % 
"f* MiinMinnf III will III ^ Z^ « 
,1-1 '3 
^ 2 2 
• . . (2 .? .2 ) 
It t« to b« notod tTiat tfem id«tttlty (?,2,2) woe alio 
«btain»d by ' fl»on (2"*» P«234<10)], 'anoclKi [69tP.*5(3) It 
1M «Miiii fil)^t of tte« prf>«Niiit ««oti n la to obov how 
tb»mi ««tra ordinfti-y id«titltl»e (2»2«l) and (2,?,2) can b« xtm^ 
to obtain tb« liomtr H^mrmting tvmtionn fo** c!iff»i:wnt kli^» of 
liyp<>^^on9^ i^^  polys0siil^ Xt«« 
?el.<Ba^ !a p^ 4t p«l20(l2) ] {^^OICIBA a ^atrat i i^ fttaotlon 
for Jaoctel'a polyno^al |88, p»254(l) 1 of ortor % b «!id 
d«grM n in X , 
' -n* n*l+a*b ; 
? - - ( « ) T T i^ 'i I 
12 
1 •» 
. . . (2 .? .3) 
m t-'a« fc»m 
'n 
« • • « c • ? « 4 J 
( 2^ > 
By C?,3.l) and <2,2,3)t «• xwvrlt* the abdv« •Quatlon la 
tte fosm 
"^ a*a) 
t ^ (a,1>-%?a) 211 
2B 
2a 
* ^ 
2^3 
<4i+l -4>*2 
1 I'tft g*a, 
*• 2 
16 
/ > 
^ ^ iffl-^?! 
, 2*« 3*a 
' 2 2 
16 
2(l*a) 
• . . (2 .2 ,5) 
Chiia i^aiS IS Into i t^^ f^9r« i^ « - 1 , l a (2.2.5) and 
tMilR^  eha fact that 
M cot x *• 1 nin X , ••»(2,2,e) 
«• (^t 
( - t )" (a,b-€a) 1/? 
a»o Cl^al^ 
C-t)** 
2n ( « ) • 
i i 
Cl^a) 
«» 
*' 
(afb^aa^) 
vf^ (2ni) 2a 2n*l 
Ot) 
( ?4 ) 
1/2 l*x » CCHI r'*^ ( ) 2 3 2 
1 
1 I Ui.^^ • 
2 • "ta«<c)^ 
J/2( b t ^ ^ - d ^ ) ( t / 2 t ^ 
2a^) 
in U^^'C—)( 2F3 
3 2-«-a 3*a 16 
l ^ 
L 2 
H^lni%^'-(~n/, 
1 t^ ^^ b(l-«) (- 1 / 2 . 1 ^ , . 
2a*a) ^ ^ 3 g.tf 3-»a . 16 
• • • \?#Z» T j 
o^w •qnatlag the xvisl atsA Is^giB^iry p i^rta in (2«?*7) imA 
•gala mploDiriig t t>f •%, «o gitt 
ji n 
•^ a )^ 2n 
2^3 
2a 
- b «*•! 
n 
T^  2^ • b t^ /^U^) 
2^3 
— » ^ — 1 1 1 » I I I • 
2(1**} — '^ iO-^ v t ^ / ^ ( ~ ) 
. . . ( 2 .2«0 ) 
( 25 ) 
nffo (2*a) 
an 
20?^ 
a/2 i*« 5l«^ ) t* ' '* (~ ) 2^3 
co»f, ^t^/2(i;;i)^ p^^  
- b -"ton 
• 
Z* 2 * 
n 
IS 
ba-«) 
1 
' ' ^ * tiisii! 
3 2*a 5*a 
T*T** 2 
16 
• ••(?.?*9) 
2X 
%ldL i^olnft K by ( 1 - —) l a (2 .2 ,8) and (2 .2 .9 ) , taking 
b 
b-^«* , uiilnis tb« oonfloenoe prirKJlpXo [63fP.48(^5»5)] in 
ooGjugation with 
b 
(b)a 
LJg, 8 - I . . . (2 .2 .10) 
MBA a knoim result [5 t pp.335-934 (5»6)i 
(5,3.4)] 
alao U4,p.l05 
11® ?i**^ ^ a . — ) 
X4ii (-1)° P^***^ ( ^ 
b - ^ « " b 
- I ) 
!»_ ylC j , . . . ( ? . 2 . 1 1 ) 
( 26 ) 
«• mt ttm foltowlnjs tvo Itoown geoftratiny* fiBi^tion» of 
£ iiiM.i [•••••I L ^ ( x ) " J W ^ K 
I «W«i«»«M»« 
L .^H».2? i 
16 
ict^/2 
and 
'?iOH?- (t^^^V, 
m o M — n » ~ 
,J.2 .^¥ 
2 
16 
1 
. , . (2 ,2 .12) 
n<^ o (2*a)2B 2a*l 
(•) , -4/2 ^ 1/2^ 
U ) - (l-»ti) t *Jinf^(t ) 
— — • I W » — 
0^3 
9L ^LiB_^B 5 ^ ^ ^ 2 E 2 
le 16 
.. .<?.2.15) 
«litr» I»p^*'(x) i» (9iOiirttliB*a I<agi«itT«*« polyn»nlal jse, 
p.20r(l) ] of eva«r « aiw» de.^ Ft* n in x^d«fln©a as 
(l*«)n 
4 « ' (jt) - , f 
f-« 
ri i ^ • 
.•.(2.2.U) 
( rt ) 
nimilaAy by th« proo«<*is of confine me in (a*?»3) «n4 
(2,2.9)» *• g«t th« t«o saof* iSBOnrtta^ ftaiotl"»?Wf rwipeetiv^ly. 
• M (b«2l l ) %/9 
tf6 
- b t^ '^ ^ 'Tiis^ ( x t ^ / 2 ) ^ ^ 
^ » • • • 2 * 
-b -bn 
4-
t 
f 1 
and 
L 
..A2.2.15) 
t 
2 ^ 
• * • ! «b^2 - 1 
^Mif^m 0 
I » • t* * ^inf. (xt^''^) 2?!^  
, . . ( 2 . ? . U ) 
4Kftin onlfi? tilt byperi;eo««trlo e«ri«e i<3«ntity (2,2«2) 
in tb» •3Q>on»ntial t«r« of (2«2«4)« «• g«t 
• t * («»bH[i) 
F. 
n-0 0*a)^ » («) - 0^1 
l ^ 
l ^ 
• b ; 
L 
l ^ i 
2 2 ^^ 
%QfX 
I • 
I 
16 
t o 
16 
. . . (2 .2 .17) 
( a ) 
^w Pttplaciag t by et la (2,2.17)$ aulttplylns both tht 
iiia«9 by *** u*^  t ianre««iag mmh hyp^fiftoattrlc funetlonn 
B^|^  and l^^ j in pa*«?r •»?4«fr ff>wj ( l ,? , l )» n'^ ecnui^ ing wltlz 
mixptet %o 0 b«t«w»n tb# l ia i tn o n^d « and nfiim th« Infeci^ ral 
ftnd int«r|yr»tine ^ e r«i«itlt by umtmi th& deficit on (I.!).4) 
of riom*e fynction IL« •« find the followlnc^ gomiratlrt^ ftmotion 
afli a oc»Ri»iBftti;>n of two Hore*^ foneti ons 
- ii&)J^ (&.b-o) ,. I fil-^tf 
tU-ec) 
. . . (2 .2 .19) 
"Uallarly^ using a »imra,tiQg funotion of ftnoeha |67, 
p.68?(l.4)i ftM alfro 66, p.457(l.$) ] 
- t® (*.^,b-«} f t U - * ) , 
j; • •» ? { x > «xp < — — « L , •/ 
( ?9 ) 
and Applyiag « ^ mam proe«Mi &« in (2,a«l9)f(2«2«a^) IEITM 
t** («L (a-«, b-c) 
* ^ (-«-b>. n 
(x) 
li 
H 
mAoooA in tha form of u l tra sphtrloat polynotainl ? ^ ^ * ' ( E ) by 
pttttlms b • a, 
>n tiM o^«r hand making oe* of a rtlatlon [^t ?.277(5)i 
••« aliio 114* p.ei ^ b«tw«©B ul^r««|>b«»rlcal polynonlal P^ •^^(x) 
aaA 0«^ebaii«r*« polyno-nlal c^ (x) 
p(a,a)(jj 
n 
ft*^ I (X) , . , .(l>.2.22) 
in (2«2*c:) and (2,2«?X)» «»• oein find a mniber of gemarating 
foaoti n« in tb© fops of a«fa{daaa!r*ft polynesilal J68fi>.?79(15)3 
dafiaaa an 
A nj 2 I 
• ^ f Sa^Hf 
L ©•» 2 • 
— (2.2.25) 
( 50 ) 
Again vmim a s«n»«iMng feaotlon [^ '18, p.276(I) ] for 
a 
1 
«• can •a«ll7 IS9t 
t•••(?»?»24 
4it*t 
1 1 . "•"• I 
. . ,(2,2.25) 
ABd 
fill §t?-
...(2.2.26) 
"^im mmmtim funotiomi (2.2.24) to (2.2.26) taay t>« 
rvduo^a in htm for® of ii«g»nd»i*« poljrnoeiial of fln»t kind 
PpCx) £e8, p.l66(2) ] by putting • * I • :bh©l5loh«ff •» poly-
noaloX of mtcotiA kind tj^ Cx) by petting a •• i and aniag tb^ 
V ^ ) - ?a(x) - ?^ *^^ »^ ^ Oc) . 
Og (r) « r (jc) - «. P^  -^  ^ (x) . 
< i > n 
• . . (2.2.27) 
. . . (2.2.28) 
( 31 ) 
^OMlder anothti? polynoalal of ry^imilie ['%'# p.?3T(25)] 
gjjCx) • (aE)'^,F^ 2 2 -4 
I • b 
"? f • » • ( 3 » 2 * 2 9 } 
by ««ttln^ b • t^ 
^C«) • <2«>" 2^V 
"A 
• • • \«»2*?^i 
A s«atTi*tin<T fi»otl>n [©8, p,259C4^)] for r (K) in gl-wm by 
t« 
[l^bi 
. . . (2 .2 .51) 
Ho« »«ias (2.2*2) in i»ep (2xt)» «NiparQ i^n.: •qoal «nd 
ifi^Slfiary ^ss?tti and using X*aipl«o« tranefora technique* «• ftt 
- ^JS^B*^ M w 1 9 1 
I S g^^Cx) -q. '^ [ h | l^avl+b, 1^ -.t, s^t] . . .{2.2.32 
" ^ (2n)l 
and 
I Jj^ « 2 t t * l ^ ^ ^ ^ l [fe* l*ail^» ii-*tx\lt...U-2-^' 
" ^ (2nn)| 
irtij^wM^j i s (U>!*>©rt«o doiibXe bype^«ow»trio fiinotion (1.4.4). 
( 52 ) 
^^Iflillarly from ftwpatlng fuooti>n f a e , p.l6'5(l) ~] for 
Migeodr* polytMnlal 
t^(x^-l} 
1 
we R«t two ?50p« ??en©i^ ting ftjnotlnmi 
• •• '««?»3^ / 
«»o 
t(x^-.l) tt^ P2a(«)-H2 [ a i l , ^; ~ . ~ I 
. . . (2 .2 .35) 
aoft 
tCx'^-l) tx^ 
. . . (? .2 .56) 
l » ^ 
whtm V g I* aoothtr J50!*>»r%»i» fttiiotl':'3 (1.4>,5). 
vbon b «• « ftni5 f^lucifv; t by J t taking b - •• , (?.?,52) 
"TV 
and (2.S.53) r»duo« to koown lEfmoratiag functsone of "^ bftfiita 
[94» p.I53ae. 19) ] 
n«o (2n)f ^" 
and 
i^o.»(x) - t*^ 0^1 1 ^ «^t U . . . (2 .2 ,57) 
tf^ (2tt*l )i 2nn 11 i 
"^ 
tx' . . • v 2 « 2 0 7 8 / 
i 55 > 
Sts. 
In (2«5.5)f r»pl«^3ljsg x» » ana b by (— -31)» *«(l'»o) 
e 
una If r9»p«otiv»ly» tatdog o •« «» and u»iag the r«iitil%« 
• ^D^'' [d j -Of -»f • • • • •«» yt *««] • . .C2 .33) 
mfrtmt ^^n by a*9*l) »»A ( l . i l . D * 
Ipw j?©pla;oliif in (2.5.*5 or (2.3,5) or (2,3.6)i «« s and y 
by !-*« f I ana |>r««ip«otiv«ly anH takim d -»"» » «• gat a 
bllioaar faatraling feaotlon fcxr l>a|Eu«i*ra*a polyooalml'. 
^ \ ^ ( « ^ ) ^ (•'•fl) 
^ - M . ^ ^ . L (3t) L ( y ) 
• # j^ '^ j^-o* -^i l*«'t -0 , y» -«a] f • • . (2 .5 .7) 
{ 5« ) 
'^ •ttlwp • « -y and utlog a tr«iiifor»itloa of Sxton [36, 
^% L*^ * • ^* tof 0» • t • • •# ©f Xf Xf S ] 
J: , 1 ( x ) F y 
• •): [«f «(«•«)# ©t y» sy 1 , •.•(^•5.9) 
«rti»^ ^ i« .'liwfc^ rt*!! function *?!«•« by (X.4.1), 
i^plaoing y by •y ftfid taking "ti • o f(2,3«9) «HSI»«* to a 
known rosult of Hhrnn [57, p. 183 (4«5) ] 
• - .^-.--^ t (x) • ^ L a i -oi ©I -y, -«yj* ...C2.3,l^) 
Q«) lO >p^  
ition y i« roplaeod by ? and ^dtiii^ ; d - •» , (?,3.lf^) 
rodnoow to aaothor kwmn gunorating ftmvlioa of ban [96,p,4.^^<3.l)] 
( 37 ) 
SC"*» •• "*^» **^ 1 • .••(^•3,U) 
irtMrt ^^ i s oiiQtti^ r Hiii!^ <?rt*8 funotion Iven by (1,4,5}, 
ilitn j r * o o r s i ^ p f f (2.3.6) r«d»o«0 to {i?.3.1'>)«Wh#a 
X • o t (2.3.6) MdQoett t« 
2^1 
•«if d*n i 
t-^ n i 
1 
. . . (2 .5 .12) 
«btr« ?j^  1ft 4pp«ll*8 f\mction of f irst klndl siv«a ^y (1.3.1) . 
^•pl^lag 8 t»F - In (2.3.12) and taklog • - • ' * , * • ? ! « % 
- ( « ) . « ' 
n ^ Ce)^ al ^ ^ 
•^t t*^ n 
•'m 
.1 
^ [a* -f3# efyf»]» . . . (2.3.15) 
irli8V««« on x^plaslckg y aiiA g by | 'osA |ireep90tlv»ly aaA 
taklBS « - • • » , (2.3.12) rvdaotff fto 
• «! (a)n iP <t^) 
li^  (y) - ^2 !?• "^ ^ l»«»a!,ylt .••(2.3.14 
<l^Un»( 
«latr« ^2 1» iino%h»i» flciabert'fl fiaiotlon glv«n by (1 .4 .2) . 
*liallj»ly by a proo^st of oonflotacty (2.3.14) g l ^ v 
( 58 ) 
" ^ < ^ * * ' « ^ 
mmn y * o orm«»o i i i (2»5.7), • • again ©»t (2.3.11) And 
wimn X • 0^(2.3.7) w«»O0« to (;^.3.1i). Alt«matlv»ly (2.3.4 )t 
(2.3»12) ana (2.3.13) oan «l90 b« «ritt#n In *ih» folloalag 
Ml6i«rQl ana limiar 8»ci»s*»!lii»$ ftmotior» 
•• a^ Cl-^t^d^)- (^*-a) (••Q,d) 
£ . •!. •i«.i-.ii.i^^ L ( x ) P « ( y ) 
— — ^ ^^n I l'^'***®t'-*» *^9 l*«t-«, - r -5 j^ - ^d^sBf .^ - 9 , «tHB, , -«« ]• . . . (2 .3 .16. 
L Mimniimi«mi» •iimini — iMniMi—iiiniifWi P f V ^ 
• 1 F. [ l^*a*«!ii a, -«i l*«i a, — . . . (2 .3 .1?) 
ana 
^ •"(l^^fi^is)^ (••n,(3) 
r •••'""• • " • ' • —• Pgj ( y ) 
(l***)- J. i . y ., 
. A . ^ l^*d-^l .oil l+ftl -— , s . .*..(2.3.18) 
M\ '-^ 2 
CHAFn^ R IIJ 
s0w?iA?ia» ?Qmt%.^^. i^OLvijis 
!i|i^ r-^ |)yi,yRj.9,.,^ |M:;?ipS3 
5.1 imQmi,f,;fi: 
In aa tfi'mupt to gftnsralia* toow Tdtultn of :^trlita [l7l 
wia Hal&v UDA *5ol«a [4?!; -^ o^iacha wifl ^mr^ [ 70,p,475(3\32t34)] 
•"©•fSf O*** ••1 
^l 
5 2 
I 
b>iip-i» « 
• f i f Cf b « d t 
l*o-0?-ntl*<!«n4 
z^ 'i 
• n « O9 l^^^-rit 
Af 1<M5«HI f 
x/f 
( 0 ) 
n 
(a-o). 3*2 
and 
• . .(3.1.1) 
1 
. . . (3 .1.2) 
n (-b-«)_ (a) 
« - I , («) L „ 
CI-*). 
(b) 
(-flC) 
• • . V v . l . j l 
( 40 ) 
It dotffi iK>t appiKir to haw bMR Ql>»rrv«d prnviounly that 
(%l,l) to (3«1.3) «i^ not cozTwet* althou^^ Tsany »oi^ ©r» ha^ 
BfMa tb»9 lat«ly. 
By ttaJciSK oiMi of firaetlooal d«riim*;iv«ii» «e ^ivn oorr«otioiui 
to v»«ulto (3*l*l) Aod (3*1,2) in MOtioa 5«2» lat*? In Motion 
?.5f «• apply iHknlpilatioUfi of 9mvim9 to ciljtain pyafsiatlon* for 
tls« s»rodiiot of liyp«rg»o««tFio polyno^ilals i»hicb ai^ foflJh«r 
8P«ol«].l8«d In t«rBi# of Jaocft>i and LiM5i»w»(^lynof!ilalt, t^io of 
tho itpeoial oa««» of tb*n« ii«H«ult8 yleldotlie o nwjt fotw of 
th» wi«»tilt (%1.5). 
In WfOtlon 3,4, ft wid* vsirl^ty of wiw j^ation iPtaulftg aptr-
talnittg to byi^Tig90fmtrio funotiorm of Ai>p«ll^  Jausn, Ftistoort 
And 'Catpt d« F©ri»t, nre db^ointd by opeT^tlonol rwthodfi froa 
twp imXn finite niiHutti^a fomtila inrol^ng Trivititava*!! tripla 
and ^«fl^ da !^ i^ rlet*» dotibla aarlei^ * A nu^ ijbcrr of re«)ultii of 
fortot (72.1 ia^rolvln3: Jsictfei** and Ap>«ll«ii poXynoaiala follow 
•a apeoiad oaa«a of our fftaarid raimlta* Oartain dooibla infinite 
ataMi involving Appall*a F^  and Jooobi*a polyno^ialat ax« alao 
daduoad. 
( 41 ) 
In oer Jinw«sti|{AlioQ8f IM» shall um ttm fQllosing msult 
*hl«h -nay ««0ily b» dtrlv^A tvcm %h% definition* of ^inonlid 
(_88»(v74(3) ] wifl frt*otiofflil derivative (2.1.1). 
•41^0'^9 f 0 « « r t S ^ ^ - l 
• *> 
' » L tt^)''> 
X ID (OL 
r* (ft)^ I A-^ m I 
. . . ( 3 . 2 . 1 ) 
«li«re «• n sir^  i»>iwne$tttiv« itit«g«i*9ftitd [xl < I . 
aon«id«r an •l«?»i»nt«cy f»f»ult 
xa-y) t -ya-«) t «% -yt 
I « " • • • . . . « ? « £ . ? / 
«hloh wms ^ wttt^n in tli« forai 
^ (-1 f x*Cl-yf y'Hl-*)'* ^*° « (-1)'' x^ yS'^ *'* 
B«*«iaw»«aM»i«Mili 
e 1 n 
. . . ( 3 . 2 . 3 ) 
fiOft «iolti]^yins b o ^ tha iiia«o of (5.2.3) by 
jjO-1^  y*^, jipplying tsb* oswr&toni T *^'"^  y***"^  on bc>th tht 
•ia«« sMX! uoitig tli« a«finitioa» (^.3.1) aiKf (3..'^.l)t vm gtt 
m i i a i i i — w — X 
1^0 B**© (a),Cl)),^»\ (B-«)I A 
-«i-»^fO'»at 
• " ^ 
C 42 ) 
*2 X 
b*n-«8 • J 
(-f)'*(d)j^t« 
" ^ < b ) j j n \ 
3*2 
•»n#o f l*Jb«»ftt 
x/f 
• . . (3 .2 .4 ) 
«hiOli In t\m oorr#ot fora of th* v«f(ult (5 .1 .1) . '^im •qmtion 
(3*^«4) MKtiiiTVff th&t fttbt Of A b# iUit Z61V0 or ntg&tivt Intogtm, 
i t Mm turn to aA •vror in tqnatian (3.1.2)• On •qaating 
ttw ocwffialeatii of t^ oia both thei alden In (3»?«4)t wt «H 
' - - > ) 
(a^(l-?3-n) , - ^ y 2.J, 
" ^ * ^ f O**® f 
/vv\ ft-^ ; 
-«« , O9 l - b H B t 
x/y . . . . ( 3 . 2 . 5 ) 
»^  
A« 1-4-a 
nAiich iff the msiat of liaaooha aad i^haamwi [ T\ p«475(31) J-l-U-ui 
( j i s t ino^al co«f rioisnt* 
Pttttiiif? « • y • I in (3.2*5) ana mim ^mtm*n imwaatioa 
tbaoiwpj [aa* P.69 (4) ] • 
(o-b), 
1 .1 . . . - i - i ; (0-*) ?« 0, -4., • ? . . . . » , , , ( 3 . 2 . * ) 
Ml i i t 
( 45 ) 
3^P. 
•n« Of b«>d« 
i-a-«#i«o*«fl*oi 
\^ 
1 
Af l««d«»0 t 
«tkl(3h le th» oo!?r#ot fora of •qwatlon {3»1»2), In f&ot th« 
•quatlon (3.2.7) l« a iNiU kaosm result of Bail«y ll%p.258(?«l)t 
•t« eXwn If p.l C26) ] • 
e^>« riplaoing x« y« a* b nod *a In (?«2.5) ^7 f * { tl^ '^ t^ 
WlfHilt (2 *2 .1 ) t « • f?»t 
C-*)«n) 
>: 
^*^ ( l ^ ) , ^ ^ sir(n^)( 
«l)ioh ooa b« ptit in «l»ii f mm of 
II - y ^« (a*n-«) 
« w \ X 
(b-»«> 
(y) 
x-^^.a 
IT) (-4)'* P. 
(atts) y«« 
• • . (3 ,? .9) 
( 44 ) 
by e^lng tli« a©f luitlon© of hyperg^omtHo polyiio«aial.« of 
hmgamrrm (2,2.14) and Jsaeobl [88 , p,254(2) ] 
P^ (X) . . . . ( 3 . M > 
''^ ttlOE y • -« la (3.2«6) and using tbo rcdultt (3«2.6) 
•ndl C2«2»l4)t >^» ®tt an Inttrvstin^ r«8iilt« In «^cb flnlt« « » 
of %he prodQOt of two @»BttV<illMd hAgemrm polynofsialt btfrine %IM 
•MMi eatfpm§nt bot opposite «isn« diffftr«nt order and ^ogreo, i* 
•qtial to a ooaatant for omry valoo of tbo ai^ txnoi^ t tbat i s 
n (a^n-«) (b-^) (l'^ a*b+n)_ 
• ..(3.2.1V) 
3.3 iiaiaJE..san^2M4i!LXiEc:itx: 
In thio Motion* soiio taoro finito mmmtionm of th« prodnot 
of two byp«r(^oao^rio polyaoaiial* ar« c^talned by osring tb« 
fliethr^ of 9#ri«fi flitrijiipctlationt. '^ shall niio the following 
triplo finita aarioff icSentity ilvon by Srivantava ^ >6,p,95] 
n • A^ 
i' I >" A(nt«»ria) 
tt ty^9 B^'!r''a 
l i t A(n,ffln»trta)t . . . (3.5.1) 
a**© r*o si"''0 
(45 ) 
aad ooAlmtonal Itentity 
i« I f a • 0 
• •• \3«5«2 # 
!?Ofioid«r th« (i*ri»@ 
•n*T9 ol; 
. •..(3.3.3) 
which can t>« put in tb« follcmiitK fonts 
m 1MB (-n\, (^)j, (c)^ (i9-n), (a)^x''y* 
T 9 < • . 
Ctng (J.I.I) In tin aba*, ansatlons, m haw 
T a ii«i« n-^r^ 
( - 1 ^ (o)^ (d), n U ' (-7)« 
• — — — 111 III — I M « W W I I » H » — W K I W I I 
• - © 1 - 5 9-0 U L (h) . r l • ! 3BI(R-«-P-«)I 
» i . I I I " • • — I l l • I  illmi <•!«»• Mi 1 1 1 » iiMi £ ^m, ) . I 
n (a).{-^)* liHi Co)« x' n-r-ii, -/nr**^ 
n i l •••••»l«ii (-4)" 
'•-0 Cb)g •» 1-0 («)jp r)(n^-r-«)\ a-o V • 
. . . (3.3.4) 
( 46 ) 
3011 with tbt hmlp of (3.3»5)^«8« otoanrv© that (t^ valut 
of tb« folloMring M f ^ « 
V . . . ( 3 . 3 . 5 ) m 
mill t)« »«ro ttir r » Otlf2«..,(nifi-l) anfl thun fop fttn-«)t 
wi i;»t 
(c) 
n»Q \e)^{mn)^il^*^\%^ . J ^ 
?h«i^for» frcw (3.5.3), (3 ,3 . i ) with (3.3.5) an^ (3.3.6), i»« 
iUMT* 
n -^^ ^« 
fliFo a \ 
"*% Ojl 
/i a^x 
- « t m «^(; 1 
(c )„ x' 
( « ) . 5^2 r/. 
b,l-G»ni 
. . .(3.3.7) 
»^t«n X • y • 1 , (3 .3 .7) »i^ ,iicj»fi to a t?^nnfor^iatlon of 
•?9 h«viii^ me ixiit argnaitat 
5^2 
a,l-4»-o*d i 
X l X N ^ I K I mi HI Kll—— 3^2 
Hi,dlffl«&«*Q« 
t>» 1«<J- Oil 
«• • \3.3#S) 
( 47 ) 
<m f^plaolog X, y, a « d b in (5,3,7) by | ; . | , l*a «»« % 
l-»to r»fip«o%lv«ly and taking ^tm lifliitB c -• *^, a ••«,«»• «5»* 
B (-a). 
•aP^  m^ 
CUa)^ ^^ 
II 
"<j*a « 
l 4 b 
. . . ( 5 .3 .9 ) 
wtiioh ¥*dt)oeii to A known m«ult of tanooba ana '"harswi t7'^tP.475(55) 
tt (-*-n) («) 
wo 
Jl 
(l^o). 
I^ Cx) L, (b) IV^ (y) 
(-D"* (x*y>** (a,b) / y - « ^ 
. . . (5 .3 .10) 
by unin^ Iftui aafinitionsof fc$yp«r|»coiMt'rio polyooraials of 
lMSii9rT9 (2.2.14) aaiJ J^.c*i [86, p.255(8)] 
(atb ) , (l*b) rx-lsn •n#«»a*»nf 
! • b i 
1:1 
. . . . (3 .5 .11) 
*5»ttins y • -« in (3.3.9 )t swi '•t after a l i^t la 
•iaplificatlon 
( 48 ) 
• • • • • • • " I «'» • iiiw" •^••«' 9 • • • ( 3 « ? # 1 2 ) 
vlilob i s tb* correct for*!i of #quation (3.1.5 )• 
?<»rtbttTnom/%oochB and ^tviraa (73j biiv« sta^ >ed that 
•qtiAUorw (3.3.1 ') mrt& (3.3.12) or* oonfluent oa««?of th« 
f«(mlt [70, p.475C3l)lt that l e , the •qcation (5.?.5)« It taay 
b« tibmtrve^ ti^t tfmmqi eqv^tiotm arvt not cQnflQ«ttl Qa»9^ot tfat 
metill f?% p.475(3l)] . In faot tbt confluent caoe^of th» 
wjiult [ 7 % p,475(31)] am tht trittatiorai (3.:^f) smA ( 3 . 2 . U ) . 
'Jlsailarly by «aklnf^  um of ^rlvactava't l^f»nMty (3.3.1 )j 
«• Qibtiiiii &m «oi^ f iol t* siiwaatiofi fofrtula 
I --» a ?« L-«»f ia-*i» at bf" c,' s:, y J 
«h«i*e F- i t Appall*• polynofslal of third kim, 
. . . . ( 3 .5 .13 ) 
( 49 ) 
l?o« T^tlCcl>l*• and Appall•« polyoosial of iwcond kind, 
Mu.n<&t p2f p,694 (3.4t 3.1» 5.2)J •{^ tal>UBti©<! th© followlag 
a P^  ix) 
• sr»*« K** a^t^B) a-»*B) , . . . (5 .4 .1) 
• — * — *^n^ <x> • ^n *^^  . . . ( 3 .4 .2 ) 
«1 
_ (1*«)„^ (t>L 
(l*a*b )^ 
- ^al^** •**• »^ 1**^» *^f Xf a It . . . ( 3 .4 .3 ) 
iihti« B » a - e x t * t ^ ) . . . . ( 3 . 4 . 4 ) 
In thin Motion, «r« nimlX proves "^ bs foX louring mor* ^neral 
XHlfttiOttS 
- t**«a^ft)^a^)„ ^ l - x ^ y (p-l)y 
S f n ^ B \ B I 
L(l*^)n tL l-x-^y ( p - D J l 
I  ' ^ 2 2 J 
< 50 ) 
• 2 !r*(ii-t^ii) a«t*R) t . . . ( 3 .4 ,5 ) 
frtioi^ 
n •• <l«^xt - 2y« • . . • (3 .4»€) 
Alia p if' aQsr ntirt>«rt and 
» i»*n iOfW-rai, ^ (bf m-^ a-o) ^ 
Ot) (x) 
®.|)Cc^O 
. . . (3,4.7) 
.\ 1« giv«n Dy tB« tiitMitloii (5.4.4}9 
?!*»•• r»rii»lt« foU«iw directly by optjwtlojiiai m9*'*ho/im 
froo a fin&t« auisaifttion formula cS t^aifwd In tim fDTB 
F 
i:2vi 
0 :2>a* hi —•,* • « I+8 
(2*a*b) "^ « ' ^'^^^i 
. P (3) 
••••"^f ""f*" . ""Mj 3I*'llf v^*^ J 
[c: : - , - - i -.^-•ai I'Uji —,> 
n 
1+8 1+8 1^3 
.•.(3.4.8) 
( 51 ) 
i : 2 i i fm\ ^ , 
•h«r« F »BA ^^^' Bxm glv«n by mf^m of tho •quatlout 
(1.6,1) ana a.!"^*.?). r««p*5tlv»ly. 
?o pTOV (3.*»a)t »»• w^U isakfl um of the folKhfing 
A mil known rofiult (43» p»27(3.l7) | 1« riven tfj th© fomi 
A ftaeralliatioii of 1 ^ LsHjIao* typ© «ia^© integral* of 
(35, p.216(16) nod 73, p.Xa9a7^ 105)] . (35, P.aiSCU) ]# 
[35, ?.174(29) waa 34. P.lSd (33)] , r.^ J^ llfo3w»c^ ht^ ^ fe9,pp.226(2,2), 
227(a»4>l »t# Bino 00, p,286(l.6)] and Ool5et«>lfi [45,p.l l4(5*)], 
WI9 ototAlOftd by PathiMi (82, p,785t2.2)] !« the foym 
- - (M 1^ ) 
(n^)\ (llj)! rCl3-4t*2) (8.^)^*^*5/2 
p(3) 
^JHC*2 ::—— i-s-u*aai|^vi*^i--^i »^ 8n> «*P 
( 5? ) 
provl^d tbfit % t e h* J) > o and f?»(»»p) > o» i^re 
[ 6 4 , p»352f mo ttXtQ 55»p.264 (5) ] s4v»n by 
| - k^b, I Hc-t3 ,* ^^  
I' 
, • . . (5.4.11) 
i f I »rs(z) I < -^ • 
:tcm la 0 , 4 . 9 ) t rtplceiiis x aad y by xt anr! yt_, rt«p«otiT«ly, 
«t3ltlpl.ylae tioth tbt 8id«» by t* «ic,p j-Cz^ "^  | ) t^ Jj^  j^Cpt), 
Intttiopflttliks; t^ rm by t^ rw^ ^fith ipwapmct to t fron o to *• » 
iatcrobftttfias the orAars of nmms^ion aad Inteftratioat csiog tiii 
PatlJaR»« lnt,^ -gffftJL (5.4 .l*)) and maklfiig avltrisl© a4ljt>«'i^ iii©nt of 
parwmt^yg, «o mt oor ?i«a.B fliil%« Munition fomtaa (3.4.8). 
Sbmn & tiwmfoTiwktioR fonsmla [ 8 1 , P.37r:(l»^) ] of 
Pathan «ttT«n in t)3« f o«s 
f (3) 
»•• b; - i -J d i f i 0-4) i 
Loll •* - § • • • # s« —— I 
X y g 
l^B X*Z 1*8 
(l^»> C-* ?(3) y 
e : : 
•f «« 
. . . (3 .4 .12) 
C 53 ) 
ifi uim6 for f^^' in (3«4»8)» «• Ktt tb© follo»^lng alt«matlve 
form af <!.i«8)t 
1? 
i :Di i A : i , •o,- c-a i 
i : i ' ,o 1 : : 2* a* b i — , ' 
n ( l » a L (l^b) 
»T» I I«» »l»*lMr»—<—»8 
l i * ^ ml (fi-?j)^ 
• • ''"^-f-'f "^^ ••» **II|J ^ " ^ 1 ^ U'»i^0 W*"!".'^ 
^(5) 
-1 • • 
- i -U+fti l*b» . l * s l"»a 
riOfi m apply (3.*,8) aod (3,4.13) In a mribtr of alff^mnt 
divttOtiomr to obtala th« variatie flnlt« and inflnltt etxae, 
^imn « • 0 and i^ • 3, (3.4.B) wduoee In ttm fotm 
w ^ a t (ii-fi)l 
(a^a^b) 
2 1 «*y 
\ a**-* b ; 
, . . ( 3 . i . l 4 ) 
:'ow u«ilng ^m tr^tmfiJTfmtionit fjiven in the booic of 
BStton [ 4 l t pp.as i^*%^)$ a6(C,9.6)t «•« aleo 2l,p.55a(3.2)] 
( M ) 
Miy b 
b-o-n*li 
- \ 
...(%4a5) 
ttJEld 
2 1 
-« » bi 
S^ 'l 
-n, -«>«oH « 
-ft—b^ I 
1 
f ff • . . ( 3 . M 6 ) 
for Sftu»«»« ordinary hjrpcrgtoa^tric polyiKmiol ^ ^ '^^  (3,4,14), 
«• g9t «h« follo«riiig alt«matl'/e for!<i« of (3.4.l^)* 
S m n"1!l J- ~i 
(A)-.( l-«-y)* 
n \ 2^1 
HDkf a^-^^-Aj 1^  
[_ l"» A *» B « 
l-flE-y 
. . • (3 .4 .17) 
tt ) 2n 
-«p A ; 
A-iQ*^"**"*!! 
i-Krar . . . (^.4 .18) 
(-1)° (A) (x^y)** •n, •(tt*l*R*b); ^ 
I «. n - & t 
«*y 
. . . (3.4.19) 
(2'»tt'»b-A)^ CK'^ y)* l«n,-(a*l*a'^>)i ^^ ^^ ^^  
a \ 2^1 
-(ii*l*»»b-A)i s^y 
. . . . ( 3 . ^ . 2 0 ) 
( 55 ) 
In (3,4,14)» f«pl^ i<Jlos At m and y bf2^tk*h'*6*n^ 
tdliTyt fima iJi^sU^ ^ r^episiQtiyetly stoA multiplyim hath tbm 
»i6ftn b>v t**, taklag tt» mm frosa n • o to «« , ti«»iiig tht 
linaar g^mrntin^ fuioti»a [["Ht p.172 (a9)» «»9 also ^tP«27l(e)] 
foi* Jiioobl'B ^olynoialal 
n « j 
(Afb) -4 • • t -5. -b - • 
t; 111 giv«n by 5»aa© of ttm «quation (3«4.4) and applying 
Mtlftii eanipoXn'lon foxwola [ 8 8 , p,57 (2) J 
I. •: 3(k,n> • i I 3Ck, n-Hc), . . • (5 .4.2?) 
*%tftlng p - X OP — In (3,4.5>» wt m% 
f 
m t"^ *^  (^*^K {a,l*b*d*n) 
• - ?_ ( j t *y ) 
HfnPO n \ 'm 
• 2 If* (!•%• H) a-%* IJ) , . . . (3 .4 ,23) 
^Amm n l e girma by ttm •qi^ition (5#4»6), 
( 56 ) 
^pl«¥]ifiir a by a-bf ^ ' i* / ^^i ^^^ 7 • <>t *^« »®* ( 5 , 4 A ) 
ttom (3.4.23 )• 
'low la (5,4.14), nplaolftg x and y by %t ana x(l-t)^««»p«0~ 
ti7«ly, «w)tlplyin« both th« oid»« by t""^ <I-t)'^*^integrating 
with x««p*ot to t b«t«t«A tb0 l l i l t f i t <* o to I and uwiog 
ttm integral [^88, pp, 18(1) , 19(4)] for Bota faaotlon 
(«)r(n) 
• "f'^Cis) > o,^«(n)>Ot 
1 a-i ti«4 
I- • / t Cl-«t) m • 
' o r(«i+a) 
. . . (3 .4 .?4) 
«• g«t a ^loltft 8C!» for the prodoot of two »au»a*e hypvrgioMt^le 
polyno^iast 
-n, A ; 
a1 n <l -^>a<l^>n^ 
9 1 (fl<«) 
2 ^ 
L 
X 
1 * b \ 
. . . (3 .4 ,25) 
In ('^•4.25)f iwplacla^ A, r? and x by (2*a*b+n^), (l^a+A) 
••a to , twp9fO%iV9lft woltlplyinc both tb© ald«» by f** , 
2 
tdkin: tbe eefiisatlon from ft » o to «* aoa oising tb« r^latloiw 
(5.4,21) and (3.4.22), m set (3.4.7) . 
mmn • •" Ot (5 .4 .7) r»d[oc«ii» in ttm for* 
( 57 ) 
»• IB f \ n 
ayf i *^ I T ) «^^  ( « ) 
2 E ^ ( m * S ) ^ (l-t*»0 ••.(3.4.26) 
Again tn (3.4«14)^pw*tl!ii5 x • o,r«pliiola^ a, y •nd A by 
(ft^) ^ k a and (l^^fi+n) M«p«otiv«ly »• f«t (3 .4.2) . 
2 
ftlMia *) • A ia (3,4.25) tb«n adoptins tfe» -aeth^ Jd of th» 
a»riTation of (3.4.7)» «« ft®aln tuivit t^« f^milt (3.4.23). 
^••:tlns y • 1 In (3.4.14) aad c^iog tb« >lata«9*ii 
theoreRi (3.2.6) , wt $•% 
on 
n <-*>i»'^^^a 
Q 1 (A-t»Ha), j'-a 
««3t Af A«b 
,l*a,A^HS"nit J 
(2+a^b > 
n 
(l^bWi )-
' — • • — • ' , f jP-
,ri 
r - n , A »• 
.2*a*t> t 
1 
I* X • • .(3.4.27) 
<^ttlng X " o, 3 • 2 • ft • b In (3.4.8) , rwplaoUig y and 
a by I a»d f ^ raspaotlTaly, talcing % -• '^ and tmlng «ht 
raatdt (2.2.1^), «• bovii 
( 56 ) 
a ] n a*a) 2 
(2*a,*b >u n»o m \ 
I siMi, a-^ a***; C-g-a-toi 
J f S 
1 • t> ; 
• • .(3.4.28) 
^MtB ^2 ^^ '^t9^ert*9 ftiOOtion siiv^nhy l^e •quatioa U«4.2), 
Again* OB replacing y ana » b j { and | ^ mffp^tir^lf l a 
(3•4.0)^ taking A - « , X • o ana B • 1 • b , «» flnfl 
:•>••»•. :2ti 
l U i o • 2*a* b ," 
yt a a ! 
<2*a"»t>) 
a 
• » 1 » H — • • • M M 11 Ml »IIMII III • 
. . . (5 .4 .29) 
ffcen X • o, A • I tb and B • 2 -^  a • b , (3.4.13) raflccaa 
In tha for» 
''^.•if> 
« -, n1 Cl+a) 
Fj^Ll'»bi-OtC-e-a-«>; ojy, — | • 
^''» (2*a^b) 
•%?-a«* 
n 
n ClNiLd'^b) 
K •!.• r'!M p f !n«^B»c-2-a-*t2*a'^t--l'*t<3»y»-al • 
m ml (n-!9)\ ^'- ^ 
...(3.4.5'^) 
( » ) 
ratting y • o, :-i8 • s in (^•A.a) and asking •ultdbU 
ttdjofftieot of Tarl^le^i ivt tucfit 
B f»->„ ( i * > n * i:2;xi A : ^ , 3 } - ) ; 
ta*"© 
•a ^ (a-«i)l i:i;o\ : : itai — ; 
(2'^aft'b). 
Xf S 
^o» «»plaoifig In ('5,4.51) x, « «ia « by 
n«!9, ii<tffp«ctlv«ijr, t«fidias B and c to •» , «.e f^t 
tC 
. . • ( 3 . i . n ) 
s '^  «nA 
mil 
f • « • ••>• «i ? 
' ^ « i (n-«)l '^ J^ tO 
%f • 
Xf 8 • . . . (3 .4 .52) 
A^ain, iwplaolag s by | t b by (b-l)» aoltlpljring both 
thft sidB9 of (3.4.52) by t"^ , taking it© icsrersa im^ma^ 
trangf oi?« with vmeptet to t and uaing tSia lnt©g?^ [ 29, 
P.723 (la»t llnt);»ai» al(PO 10§, p.4o(2.0) ] 
1^- / 
C-l«» 
•* t-^ dt 2^ ; %(3) > 0, . . . (3 .4.33) 
< 60 ) 
we s»t a known i?tifiult of iunot (^.4.31 )• 
It will b« ommMmtA in (5.4»35) that c lu r«al aad po??ltlv« 
at^ contour of lnt«^«rmtlon 1» a straight l ine parallel to tlia 
imt^^imury «xiii« In the poaitir* balf-plane with Inae^ntatlont 
If naoaa«ar7f to atroid tha pob^ s^ of Intagr^ind. 
ssban a l» rapl^e^ ^y | and D •• «• , (3^4 •3) reduoat 
In th© forta 
£ , S a 1, 4'^ [Aj-^ M-nf l ^ t -if x» a J 
' ^ 13/ (n-5)l 
• «~M-', [Af -Oi l*a-»b, G; X, S J , . . • (3.4.54) 
wharaH'x i« itiateart'ii fuaotlon glvan by the aquation (1,4,4). 
It ! • to ha noted that tba rf«ult (3,4,2) 1»» aoally dadaelbli 
froo (3,4,3) by taking a • o or P • o a l t t ntlt^^la a^jupt-
saant of parfiaatar and varlitf>lt . l?oa»trar « r*tjnot (72] haa 
ototalnod (3,4,2) by uilng tfea oiwratior^ Vlctlus to (3,4,3). 
«han a « 0, (3,4,8) raauoaa to 
( 61 ) 
-\ 
(2-^-^ ). 
n l 5 2 
HEl« Af B t 
1 <L.a.t2fhi 
'•\ 
x*y . • . (5 .4 .35) 
The fora of (5.4,35) 0ttS«««tt« fim •xlrtenc:© of th* sjewi 
^ntitii mnimatlon foiraula » 
n tl*«>a<l*>n^ «»'•! 
a ^ a I ( a ^ ) | F 
s:iu 
xty 
(l?+a^ ). 
F 
n I **1 «*i 
- a, (D-) ; 
[2*«*b,(5g) i 
X • y t . . . (3 .4 .56) 
tiriltM (D )^ t t o . are aibbr©Tlafe«d for t)m arra^ of d paaramitftiNi 
A proof of (3.4.36)t toy th« prlnolplt of 'aultidlcwnplo'ial 
fi^tbimatiioal Induotlm requlrttn the i4 ;^}lac# and the Inverse 
L^laoe tran»»fofii teotmiquee. Inde<?d i t holds* for d-5* g-l*^ 
hf virtue of (3.4,35). *j«t ue* therefore aeeume that It rewdlcie 
( 62 ) 
tfuo for nwm valu«fi of d MSA g. R©plao© x by xt and y by 
ft in (3,4.56)» aolUplybotb th» s i ^ e by t^*^ • tak» 
their I'ttplaoe traosfora with r«»peot to tt we find that d ! • 
fplmcfH by d l^f thufi oosipleting the Induotlon <9ith T«*«p«ot 
to d« 1*0 effeot the Indootion aritb roapoot to g^ roplao* x by 
I , y by I In (3*4«56)t multlpty both the eldep by t ^**, 
talet loveree Laplace tf«nfsfof<s with reepeot to t and oeiag tbe 
inteSral (5»4,?3)» we find that g i» replacf^ d by gH. "TWB thle 
proceef* complete? the indootion on numerator and deooalnetor 
pATfKMt e i ^ • 
•:nu.Fmf> 1? 
2a a pap«r of Tvxton [^n> r . ^ < 3 . . ).6?(3.5,3.6) "j . 
tferte reatietlon formslae for l-auricul la» s tripl® h7p«rgeora»trie 
function of e«ooiia ora«r F^( that if* F^ , In '*araa»« TOvi*««a 
aotat l m) ar© given In the foya 
F^ [% at a; b^t b^, bg", 0|^, o^^ Oy x, yt y 1 
'">:5;? 
« f * y 
—: b^. A, a ; o«, 0- , c , • o- - 1 ^ 3' '^a 
. . . U . l . l ) 
Pg [ a , fj, n,' b^ , bgt bg^ 2b^, bgt bgi -4yt y» ^ ] 
and 
b,*b^ , b, ^b^ -
X6y2 
• . . (4 .1 .2) 
?„ [a»a ,a ; b^.b^; 3)^, b^t b^ -^, 4y t y» y ] 
(2!b^*:^^H )/4,(2b^*2b--l ) /4 ,a /2 , (a>l )/2i 
'CL-y)"* ^ 3 
^ h ^ 1^  • 2^ • h *" 2^ - ? 
. . . (4 .1 .3 ) 
( 64 ) 
i^rtf f and gf't art Km^ d© ?erl«t'® doUblt hyp9r» 
gffocwtrle function ini! s i n ^ e hjrp^rgeo'iwtric funotl JC t 
Inaboo l : of ^«:c»l [ a , pP|Ji34 (4.7,e ,4.7. l l f4.7.12) ] 
th» followiQk :^ xvdootSon fonaeli^ of ?p am sl^»n 
?g [a»ii,ai b^ , bg, bgV o^, o^t Oy Xt y» y ] 
F 
i : 3 i3 f ft : t> t^ A» Bibg, (03^3-1 ) /2 , (o2'^03)/2; "] 
x»4y 
' > * i i ; 3»3 •: b ^ . A, B ; 0, 
'3 • "a 0^ ^ 0 - - V, 
. . . ( 1 . 1 . 4 ) 
Pp [a»a ,a i b^ , b^* bg, 2bj^, bg, b^', -4y» 7^ 7 ] 
1 6 / 4 ^ 
h * ? • ^ 2 * I • h * ^ ? - & * 
. . . ( 4 .1 .5 ) 
and 
( l-y)* F,j [%a,ai ^tb2»V» % • ^2* V» ^^^ ^^ ^ 1 
4*3 
[ (2b^*2b2n )/4. (2b^*3b2-l )/4ia/2tCa*l )/2,' 
>X - ^ . b2 . b^ * bg . I 
- \ 
ley^-Cl-yS) 
. . . (4a.6> 
( 65 ) 
Another T^duotion f omul a of iatirloc»Ila»r» triple lyptr-
g9m&trii5 funoUon of tsoonfi ordtor ?^ (^ th^t ie ?p In 
fiaran*« revised notation) given In th« woric of xton (41 t 
P. l l6(4. ia7) ] 1« 
Fp [ a , a, a; b t^ bg, h^; a, at a; x, y, B J 
( l - * ^ ) " ^ ( W ) ^ Kj t k t^v,f a« - • "f '" I - '" "I I « 
{l-«-s)^ (1-y) 
wh«r« fL i s fiorti^ e dot^l* »jyp«rf5««wi«trlc function of ••oona 
ordfir glv«n by th« •quatlon Cl«5.7)» 
1**5© B«otion 4.2 in !iOtiT%t«d by l^ xtonM KfOriCt whloh 
oontainn aaong; other r»nttlto» tbe above mvea •rroneouo 
r«''uoUon forvmlem for Laurioolla'a triple t\yp6i*g#onetri0 
fonotion« Fg and Pp of iMOond order. Our proofs will not b© 
along tbo HJMII follontd by .xtofit «bo used the Laplaoe inttgral 
repretwntatloa and eooe otber kooim r«f>alte. Ir^te&A «e i^.all 
deduce tt&n by eeriee manipulation teehnl'^ ueF!!* 
*iOK3e ^ sore linear and Quadnatic reductions and trancifor» 
•atioim of ?r; into Conpe de Periet*»^Forn»e and ^rivaetava*e 
( 66 } 
fuaotion*, are glvtn In swotlon 4•3* 
4.2 a2im£nat,2aji3Eiaa!LJLMaiK^^ ; 
m wtifm F^  ( l ,7 .4) in th« torn 
' l [ftf a, a» b, 0, oi «t •# t^ ic» y t « 1 
Jj w m m i M i 
"^^  (a)^  a! 
?4 [a*?a; c; ot ?• 7* .^  Jt ••• (4.2.1) 
vti«rt ?A i» Appall*© fiawtlon of fourth kind ijivon by tho 
•Quatlon (l«3«4)» 
Xn (4,2«l)t ptttUii!; • " y and uBing a r«dco«ion formvia 
of Burohnall (^l3t P.X<5l(57)f M« also 16, p, 439 (3.2) and 
46, p. 81 ] 
f atb, (o*d-4 )/2, (o+^d)/?; 
?^ [aVb^ OtdtXyX ] • ^F^ 4x 
0, d« 0 * a - I 
, • • • (4«2.2) 
tbon mzpv999im 4^« io^o pd«or t^rlofi fotn (1.2.1) and o«inc 
th« d«flnltion (1,6.1) of Ki^i^ do Ftrlot'e fiowblo Usrp^rj^oijotfle 
fttiiietloa» «• get th© follosiing oorrootod forsi of the rodootion 
fosmilae (4.1.1) and (4.1.4) of Hxton, 
( 67 ) 
[a» a, aj b, o, o; a, • , f; x, y, y ] 
i n i 3 fa : b i o , (©•f«4)/2, {BH)/2i 
«t 4y 
^:i-»5 U : di t t f , • • f • ! i 
• • . • ( 4 . 2 . 3 ) 
?b<i follovlag »p«oliil OG»0» of (4.2.3) are wortl^ of 
not« ; 
In (• ,2 .3) . pu* t^liig X • Hy* a •» 2b, f «• • • e, «« i!»t 
F^ [ a , a, ai b, o, C, 2b, o, oj - 4y, y , y ] 
r2 [ a ; 0 - I , b i 20"l, 2b ; 4y#«47 ] ^ . . . v*» . ^ . ^ * 
«lii2« ?^ ia Appall *0 fttnotion of aaoood idLod ,^ven by tbt 
•qoatlon (1 .3 .2) . ''oif uaing a tranaforoation of Bail«y [ 9 , 
P .U(3»l ) , sea al»o I ^ , p.239(4.7) ] 
f^ [ a; a, a, 2d, 2^; 3x, 2f ~\ 
• a-«-y) F^  | | —,' a* J, a -^  | i 
. . . ( 4 .2 .5 ) 
in (4.2.4), «e ^ t 
( 6i ) 
F^ [a» a, A; b , c , c^ 2b, c , oi -4y, y, y ] 
•4 0 . t> • I i 4y" . 4y' 1 . . . ( 4 .2 .6 ) 
^ p l y l n s the mstult (4.2,2) of Boirehnall, in (4.2.6), 
«• mt 
P^ [ a , a, a; b , 0, Qi 2b, c , c , -4y, y. y j | 
a /2, (a*l )A?, C2b*2o-l ) A , (a>*2cH )/4i 
4 ^ 
16y^ 
0, (2b^l)/2, (2b+20-l)/2 
. . • (4 .? .7) 
whloh io the ootf^ot fotw of Hirtoa'* widwotlon fomulM 
(4.1.2) ana (4 .1 .5) . 
Again, ptitftins x • iy , <! • ab, f • • •• o in (4.2.3) and 
caiAg fth® r«f!i3lt (4.2.5) of Bailey, m mt 
Fg [ a , a, a', b , c , e ; 2t>, o, ci 4y, y, y ] 
P [ a ; b , 0 - I ; 2b, 30-14 4y, 4y ] • 
a -4y) r^ aH 2ft •! 2y ,2 , 2y / 
^ 2 2 (l-4y / VI-^y / 
. . . (4 .2 .8 ) 
f . . . ( 4 .2 .9 ) 
( 69 ) 
«^loh on mim ttm result (4.^,2) of aurchnnll, wiflucee to 
•nothBp oorreot fOT« of th© p««ttlt» (4«1«3) ana (4*1 »6) of 
Bxton« 
F^ [o» ftt a; b, 0, ci 2b, o, cj 4y, y» y ] 
f V 2 , (a+l )/52, (2b*2eH )/4, {a»"»£o-l )/4i 
c , (2b-4)/2» (2b*2o-'l)/2 
(l-^y)"* ^F^ 
1 
16yV(l-4y)' 
. . . (4 ,?«l^) 
'J»3t, «» ooofiidor Fp (l«7,5) In the fora 
?p |[a, ft, a, b, 0 , b^ a, a, aV «^ 7f « J 
(ft) Cb) z^ z^ ft-*w*p, c; 
a • p 
f ...U,2.ll) 
«luiro ^Fi ^^ a^uBfl*e ordiaary hyp«rsao^ietrlc function givta 
by ( l . l , l ) . 
3ow using SaX«r*0 f irst l iot^r tramifo?^atlon (fi2,p.24t 
(9.5.1) ] 
2*1 
a» b ', 
L 
( 1 ^ ) 2^1 
1 
; jarg(l-«)|< n 
. . . (4 .2 .12) 
( 70 ) 
In (4«2.Xl)t ^9 S«*t 
^p [ a t at at ^t f^t ^» ^t (^ » ^i ^» f* ^ J 
( l « y ) WlllllW 111 !•• • . . • ! • Ill IMHWHIIMI'WHI j j F l | 
»•««' (a)g (a)j, al p( 
a-y)' <« <«Wf^W''' ^ , — — IMI»1IM« 
•"•J^ (aV («)„ ai pi " ^ 
"*3it ® f 
1^  a • p ; 
y 
y-i 
. . . U . 2 . 1 3 ) 
>& ufilng tt!« mriaa wmlpitlatidn l<l«f!tity (3.4 •22) in 
Fp [ a , a* a^  b, o , b; a, a» »# «• f^ » J 
'HtflJ^*© 
.n.p ^^Wn> ^*'>n«''«^ 
^*Wn *^^ a-n) *''*^ ^! 
(5) 
• a-y)" 
Cb)„ (e)„ 
xy . n /. •!••• 'M,.. f ——^ F jb^nja+aVa+nta^BiXtsJ* 
** , . . (4 .2 .14) 
!V^ 
!?ow ualaa a rwdootl n foimrla of ^aaocUa (68t p.680(liii» l l )J 
^A avb'tb,b'tx»y I " (l-^-y) /i "• . I » ^ • JSJL, 
^ . (l-t?-yr , • . . (4.2.15) 
( n ) 
In C4,?«14)ff «e mt 
?p [ « , a ,a ; b, c, b; a, a, a^  Xt yt 8 ] 
( l -^) (l-K»a) >^ -• ^^>n-(«>n • '^ '^^  
n ^ 
r 
2 ^ 
4xt 
VCi-1 ^Cl-yXl-JT-s) 
*A 
I a + n , (I«-«•«) 
(b+n) 
m^ 
, , . ( i , ? , l 6 ) 
which on imim th& definit ion ( l , 5 , 3 ) of orn'** funefilon n^, 
y ie lds 
Fp [a» ii» aj b , o , b ; ^t at a^ ; Xt / t z ] 
r *• xy 
.-K-«)*^ ( l ry ) ( l -« -» ) ' 
ans! Is 0 corptot fora of ?:xton»» result (^•l«7)» '^ btn s "o, 
(4,2«17) »T 3^uc«?i to ft Vaowa ?«auetlon foraula [7tp.81(7)] » 
( 72 ) 
^ [a i b, c; a» ai X, 7 ] 
(i-«)"* a^)** 2h 
— J 
xy 
a* a-«)(i-^) 
..•(4,2.16) 
In C4«2«l)t pottlt^ v; f •• 0 , replacing y and s by y(l-«) 
and a(l«y), t^ffp«ctlv«Xy, ueioi; A tpaanforw i^tlon of Ball«y 
l^ t P*4^(4«l)i w« I^wo 7t P.l^2 Kx.2:>(ll) ] 
F a; b ; Of b f —•"••^ 
a-«)a-y) (i-«)a-y) 
• (Cl-«)a-y))* ?^  [a;o-D, l*«-o; c; x, xy ] . . . (4.3.1) 
and iBt«rprotln^ tb« x«»ult with the h<?lp of thr «!«finltlon 
(1,1^.2) Of TPlv»»tav«»» tvlplct mviffn ?^ ^% wo i?«t A 
tranr foliation 
F|; [ a t a» a; b, o» e; df Vf o» x, y ( l -a ) t zU-y) ] 
[ ' » : : - » - ; i^ -o : b ; 
- Ca-y) ( i -8) )"^ ?^^^ 
• -0» — 
• III! • » 1111 
.,^  — ; (i-y)(i-«) a-y) a-y)a-«) . . . (4 .3 .2 ) 
now putting t • c lii C4.3.2>i w» s»ft 
F^ r«#*#«• b , e , o; df 0, oi 3C» yCl-«)t JsCl-y) j 
( 73 ) 
'((l-y)(l-«))"*^ F 
2 : 1 ; : ' 
>:2ii 
a« l*a-o I b V • » 
•Id,l*a««i c ; 
y« 
a - y ) ( l - « ) ' ( l - y ) a - a ) '* . . . ( • . 3 . 3 ) 
wbioh further can be r*4UQ«d in tu« fowi of Horn*© funotlon 
G% (1.5.1) by •©tting d * b and Ofilag a tranef0!*3atlon of 
^rivantiivik [1)7, pa'^aCi.e) ] 
« i ^ 
?^ [o-^d-i; bi 0, di x»y 1 " Ci-«-y) Gj^Lb,i-a, i -d ; 
l-«*y l-x-y 
. . . (4 .3 .4 ) 
*ho« Ml ha¥i 
f^^ [ a,ata|b,o,c^b,o,o;x» y(l-^)» «{l-y) j( 
l«c o«e-»l 
" ( d - y ) (!-«)) ( i -«-y-«) ' 
a, I l+a-c, O'-a, l - c ; 
78 
* Hi«W"' •<llWII»*Mi* 
( l-«-f-«) ( l - « - y - s ) . . . . ( 4 .3 .5 ) 
( 74 ) 
v^S»in • • t t log a • b in (4.3.3)» m 
( ( l -y ) ( l -8) ) ^A afl*«-o» l*a-o. c,' —nil-' ^•11.—, •„ I, , 
• * , 8 1 / \ (Cl-yXl-a))** .^ —2L{ )^ p 
•••(4,3»6) 
F. '^  
. . . ( • . 5 . 7 ) ( l -y) ( l -«) 
!7oi» wfiing tti« wifitilt (4.2.18) In (4.3.7) an« inl9rpi*«Ucif tb« 
r«flittXt with tftm hmlp of th« doflnltian (l.l"»X) of onotter 
!?riVfi!it!ava*» tripl* o«rl«ii fl^ ^ , «• gtt aii lfift©T^ntlBg tt»iw»» 
fopiifitl:jn in th# fowl 
f^ |^a,a,a; b, o, Q% b, e, ci K, y(l-8)» •Cl-y) ] 
l-o 
e- (1-»B) V^ j^l^a-0, a»o'y l+a-o, C| o; Xf ft s J. •••(v.3.6) 
""irailirly by »Bitabl« adjusts?n©cft of pamattam in (4«2*l) 
and tiain,*; th« reaolt (4,2.15) of l^anooha with tha aarlaa 
Iflantity (2,2.1 )# m tS^ f^ «« a oot*irtatlon '^ f %«o 
fai^a «ta ^ariat*!* fcnotiona .g:ivan by 
( 75 ) 
9^ [Af«,af bt 0, oi d, c , 0^ x# yt » ] 
^ 2 :2;0 *"** ^ jft '""J * ? • " 2 ^ t •" f 
.. I 
X ^2 4y8 
•>:5ii 
a(l«y-a )**^ 
I A'»l a^ i 
. . . ( 4 . 5 . 9 ) 
*?i«llarly with th« b«lp of & raduotion formula of 
Ballty [^ 8» P.42(4.3), M« also 7, p.102 l^x.2^ (iv) ] 
'' L • • • • ( l ^ ) ( l - y ) ( 
•y 
l-«)(l-y) ] 
(a^)a.y)) 2?^  I xy . . . (4 .3 .1 - ) ) 
afl^  a r*fi»lt (4,r,18), if* g»t ajaottier tP«m«»for««Jtlon 
f^  [a ta .a ib , o,o;a,c,oi x» y( l - s ) t s(l--y) ] 
— ;: A; c; l*a-e : b 
'(l-o) 1-c ,,(3) 
f ••• - f 
; ; -^ • i »••«..•• ig a,i*a-o;e i 0; 
x»y»i 
which »«oo«» to (4,1.8) for a • b . . . . ( 4 . 3 . 1 1 ) 
A ntM83«r of oa<i«iiy in «hiah H4^ p« !« Feri»t and A^^l l 
funotlorw have b0©n shown to reduc« to nitapler functi^iis for 
•p«olal valu«« of %t» rariiibl«ii, hav» iip!>»ar©d In th# l l t»2^tor« | 
••« for •xaoplo* Appoll ai«5 ta-ap^ d« i^eriet [4]f • xton (4l]» 
BuflOhsiaoand '^rSva»tava hc] and ':f«rl»«on [51^ et c©t«i«, 
%oontly, ^at^tan [a 1 , | ^ ] t ^ ] t (34], [06] and 'tfean and 
?6»:han 0)5l, (%1 gaiw a nwaber ctf traiisfotioatlno and 
r«rtuotl%f» of "i^va«*ava'fi t r i p l e mrimm ^ by utSng tht 
Uipliice lnt«,«rra4 "F«pr«fi«n*:at.lonfl! for tb« prOi5oct of fhlttak«»r*fi 
fuaotl >nfl* "^ ha tn tesra l of t rd« ly i t A. ©t. al |3S,p.^6Cl6) "] 
playo a icoy role in ••etlon 5.2 In obtsilnlnf; a roauetioa of 
(It) 
f^rlvas^ava*!! t r i p l e eierlee f^'" Into a ooeifclnatlon of foor 
r'asipe 4o ?eri«t*9 doable eerle»* I t ifi eh own hov tb« «saln 
reeul t yieldo a nu^sber of «ell kno«n reisultn of 3alley |6 ] , 
5^  \) An& Preeoe [87]. m aaa a few wore entriee to the I let of 
( T7 ) 
rifduclbility tormvlsm of K&mpd So Hviet*« fumti'^n to thm 
known fotfiulad of 1iam^^'jMiv&a& Srlvastav* 
obtaining a wduotlon foiwuXa (5,2»18) with the h«lp of 
Iioploot and iarmrw U^Xmon teohni^ ?tuis 
Jaiit as an Integral f 15» p«2l6(16) ] ©a© tho Tsu^ ln tool 
umd In teotlon 5*2 to obtain th« tramtforaatloniit an )l0«on*8 
lnt«g»^l [^ 75f Pr.l87» 19^ J Is applied In wKJtlon 5.3 to 
Obtain tho 9 0 ^ «ora trsn»f wraationB and ii*d«c<:ionii of «Jrlva»tava' 
?^^\ In Birm oanoii F ^ IB tran»fon»d into t^wrioolla** 7^*' 
or their oo^ina^lonR, In tht MKjudl we ^t^dlt ^^ «(^ition to 
^ « U » e funotl^ns F|^ , F^, F- , obtain re(!uctlno« and tr«n»-
formntianu to Ra?apo dtt ?0riet*« and other oliapler h?perg«0(Mtrlo 
fimotion8« 
5.2 i2Sia-XiiiiiiA<iiisas:^BM»: 
tains t«r3i by %%tm Integration with the bolp of a raeult 
of Erdeljl t A. ot.al [ 3 5 , p . a e a e ) ] 
• -pt (b-»l) 
If • / • t 2t^  V U t ) at 
T(b^*|)T(b«h * | ) a^"5> 7 2 ^ / G 
• » • » ! • » • — — I M M I M M M • III > • M • III. 
( 78 ) 
2 ^ 
b * h * | , h - i c ^ | ; 
provl*<#d that %Cb • h) > - | and ??•(? • | ) > o » Pathan 
[ B l , p. 372(2.1) ] ha* ctotainsd the follondng luftegral for a 
Ig • / t* oxp 
0^ V b+ I a* I a e 
(a^p) r(a* 0 • b + 5 - k) 
anj-^ -h-^ a* I j ; (»• 0* h- o • I ; —; -^ J 
1 1 1 fe 
20* 1 ; 2h • l i -
8+p a tp 8+p 
• •••(5.2«2) 
wh«T« H « ( a - » ' 0 * f e ' « ' | * a ) > o , !lt(28*p-%ic-y • P 1 x 1 y)>o 
and ^ ai^ P^ ^ • ° * % 0 '^^ ^ •*• ^"^^M^ '^o confluant ^4rp•r-
ffa%iatric funotiana given by (3 .4 .U) and [62,p.274(9,15.16)1 
( TO ) 
h'"^ (rt) " ixtr • l ^ I-. • 0 ; xt 
I • 20 • J 
• • • \ym^m^' 
•uoh that I aapg xt 1 < 't » refspeotlvely. 
fh# fipeoial oufi« of pKthAii*« integral 3^  (5,2,2) can 
b« «pitt«n In tb« fofn 
/* t^ «1tp ^ -(8* f )t] -^ ^u (pt) 
l \ 
a '• 
2%% 
St 
d«^n ; 
• xt 
2- 2« ; 
dt 
r(!Mc*2) (»•?) 3 * h* 
(3) 
h-» k . 1 . 
M » ^ p « » « n » A 4«»<N 
8+p a+p •'•p 
. . . (5.2,4) 
provl(S«d that i^(B 1 h -t^  | ) > o and "^ C a*p) > o. 
( 80 ) 
X ^ l l 
« f 
b ; 
1 ^ 1 
a-b^^lf 
2-b ; 
<MK p 2'3 
l*b-^G l -b+2a 
2 2 
Cb«l)(b«2«)x 
b(2-fe) 2^3 
0 f T » 
4 
•»«,(9»2«9) 
2 2 J 
In the mtftgral I - (5.2.4)f •xptt»»olos •aoh 2^5 *•* power 
••rlcifi fox^t int«t!«baiigins the ord«ir of ms^ siisiitloQ^ and 
iottgratton and OBII^ feh© inteSFal I5 (5,2A)» *» *ws^  
1 , -
( ^ 0 - a ) . 
rcMt+2) (••?) 
m a t !• • • H M M i l l — £ , <»•>«—«I1W IIIMI«I»| 
( I - • * a ), 
• . • ) ' 
(B+b-^  | ) . y (tj-b* J), 2r 
( I ••)y ( , | Hi)^ rl \4(«-^pr (B- k • 2) 2r 
2 ^ 
B - k • 2 • 2r «*P 
( 01 ) 
(211-1 )(#«-d)« TDHfe* | ) r(H-h* | ) p ^ 
2 « a - « ) TOwk • 3) (»*p) a* h * 
I 
IP"*© 
F r 
• •awiWiiMiaa IW>M»«HB> 
<hr ^^•V ^^ -•^ i 
- ^ f - -m ) -
(B^ tr» | ) Cn«h* | )2y f B*b* |+ar, h-fe* | ; 
• •• • I IIIIM» h ^ . — i l « » • •••. IKII. ^ F . ' 
(B • k* 5)2^ 
B • k •«• 3 ^ 2 r 
a*p 
r^ ow uiilH"5 th« hyp<?7*soo»«trlo oerltft identity (.^.i?.2) la 
C3«2«6)» oo'aparlng with (5«2«4) and 'aakXukg sulti^l« aa5fi9t.ni«at 
of paraciat«r0 ana vtirldble», vm liaTW a raduction cdT ti*ipl« 
fi«Fi»8 ? ^ Infco a oodblnation of four tmi^4 flo ?*rlet»« 
doi^le seriest in h^« fora 
2a :; 2bi s - : a t a^a*i , 2o« 2b ; 
F (3) St - X f y 
b 20 ; • — i •» - : 2«; 2 - 2« ; — 
2:3,1 c, o - 1 : I . I -• e 3 t ^ • Of I x^y^' 
2a(o-to)y 
o 
( ^2 ) 
2:4-.2 
2:5t i 
-2 ..2 
t 
<ib(2i»«-l) ( t - a k 
c # C l ^ ) 
\ 2:4i2 I a * 7t®*l 2 l*«-a» l-«*tl# h* I , b»l%c-*»< 
I 2:%i 1 c ^ 1,0*1 : 4 , I • t • 2-11 V I ; 
1 
:(2«H )(o-*')y 
f 
2t%i2 
? n » i 
. • • (5 .2 ,7) 
h« following speciiil caiB§B of (5.2.7) &.r© '>f iint#r©*«t J 
^ls«a y * o In {S.2,7)f w» obtain a i^duetion of 
Into ti cr>^i»ation of two C^R*^» 
i : r , i ^ ^ 
^ y ^ 
J 
w 
2 : i ; i 2» • ?b : a i a - ^t-^i # 
i r i i i I 2© : 2» ; 2*2« i 
Xf • « 
( 63 ) 
a, a-* Jpf b , l)-^  ^ i-^-d, *r«M; 1 
6 5 .2 
?• ^ t c -* % , 9 + o,S -e ; 
ab(2««l)(»-d)» 
s"5 
»* | , a n , b* | ,b* l , l+«-« , l -«*t ! ; 
fhtn « e d t C5.i?,8) md\iQ9^- to 
5*4 
a, a* », b, b-* L I ; 
1 1 5 
1 
. . . ( 5 . 2 . 9 ) 
'5«ttirig 0 • b In (5.2.7) or (5.2,3)t we h •?• a known 
refiuotion fomulfc of Apptll»« function ?^ into a oo^lim*:ion 
of two ^^«'^ i» tht fora 
4^3 
I • I ^ «• I -• 
( 84 ) 
— »« — • • i M i • • • » m m • • » • « • » t i n I 
+ O l "^  X^  , ..,(5.2.1^0 
« a-«) 
I t l-^ e t .?•• 
i^loh waD given by 3all#y ^1% P»239 (4.6) ] • 
niiailarly, <H9 hftvt a reduction foratla of 
combination of two Kaiape d« ••^eri^ t**! aouble B«ri«fi 
^ F^-'^ Into a 
,(5) 
a : : 2b; s - : «• i-« ; 2o-2b i 
«t "^« y 
20; : - s - i - : 2»» 2-e«; 
2;3t2 
? 
a t a* ^ ; I t ^t ^* f t «2-bf o-to*%,' 
';2ii [c,c * I : !*• • i - e ; I 
2a(e-*> )y 
2;3i2 fa* | t a n : | , b , b^ | i 0 ^ * |» o-^^li 
2:2ix 0-^  | , c-^ i : I " 0 , 1 - «i I ; 
n\/ 
which oaa b« obtain** froa our siain MRUlt (5,2,75 wh«n 
Whan jc • Of (5,?«7) raduoas fto B psrt ioular oaiia of known 
hyperstOTiatrlo ai^riea iaant i ty (2.2.2) , 
( 85 ) 
WbftO b • 0 m (5.2.9) or e « « m (:>.2,l ^;, m mt 
onotlmr knty^n redcotlon forawla of 9ail«y (lo^ p.239(4,i)] 
l a th© for« 
3 2 
2 2 
...(•> .2.12) 
On r^placlni:: b , a, d ana x in (5.2.9) by o, | t | aivl 5 , 
r«i»p«e*^lv©ly, taklniS a •• ^ and uttim >u«!raer'p flmf; $t»a»i»«^ or«-
i9ati(m [ a a , p . 125 (2) ] 
ih f-M • I J. b*a ; •Mjg 
I b ; 
; b ;< 0, - I , - 2 , (S.2.13) 
we hav* a known r«oult of l^ wi^ oe [^B7, p,375(rj,r>) ] 
^=a 
2 X 
2H5 ; 
I • 2 
_2 ' 2 * 
4 
I. . , . (5 .2 .14) 
'^I'Tilaiay r«plao4m'. x aofi « In (5.2.1 ) by — and § 
and "^  
respectively aofl takJaf a •• "•» tS -• >, we get a known reetzlt 
( ae ) 
of Ballty [ 6 , p,245 0^.05)") 
X o"! - X 
L 
• 2 
- a t * 
iSdl , ftll ; 
0^5 
* 2 
5 4 H I 2«« 4 
o :> a * ' J 
. . . (5 .2 .15) 
T^ or • • j t (5.2.7) yielde a p«<Suoticm of rlvaiieava'a 
F " ' ' Into a ooffltolOTitlon of two %iBipo (S« ?«ri«t»« fUDotlonii 
(3) 
2o ; : 2b-, s - : A% A,- 20-2^; 
20 : : - s - ; - : 1; l i -
X, - « , y 
2;4;2 fa, a+l : d,l«d, b , b * | ; o-to, o-b* | i 
2V5\\ Ic, o 4 : I # if IV I J 
2a(c-*)y ^•*»^ a ^ f f t * ! : ^. l-<5. ''^ » ^* | i 
2:3;i [o4» °^  ^ * I • *^ ^ • 
0-«t>* »y , G - * * l ', 
. y ^ . • . 0«2«46 ) 
( 9? ) 
wh<ir»Mi (5 ,2 .6) «ouX(^  giv u« a r«j!iiCti(m of 'a'^ pp 1« ?^Het*w 
fonotlort iato a s ingle hyptrj^oiiotrie 0#ri^9 ^I'K 
i>:ui 
w 
i n > i 
2at 2b ; (1^  dt 
T , - X 
I 20 ; i ; i» 
r a, a- ^ . b , b * | , (3» 1-^*, 
6^5 
I ?t !•• If c , 0* J 
• • • V r>»2,i7) 
I t i f to be not»<S iSiat a !»or« jjfjneir^ foi??s. of 1^ « 
ritdttot-lon foraula (5#2,0) c«n be obteioed in the foUowlng 
for® 
p : i i i 
F 
(BJJ) : a i «!• 2t * 1 ; 
X * «tK 
•3 
2p^2'2(|*5 
n n <• 
I 
- ei 
ajp } •> l i t Mini- <»> llllMnMill Ul i i i^ « M n i M » « « M g m u • H » I. 
^(p-q-l) jj2. 
^ *• 2 2 2 2 
4 - I * 
2 « ( l - e ) T* D. 
1 - l ^ 
C 88 ) 
*? 
2p*2'2c*5 
(«V)4a (%^h2 
I 2 2 
* (p-<l-l) _2 
. . . ( 5 . .IB) 
with Ui© hi^lp of Iaplac» and li»ri»ni« 1^ 1^ *^ © tranirfoHS tp>ebnl ;Mf 
a® Btatf'd m MT» proof of (3*4,36). ri»r© (a^) d«notft!>i tht arrajr 
of p p©r*iifflctorp aj^ t a^*,.,* ftp ai\d (a^) iScJ30^ e» %h« 
Q^n^no* of the i^ arjaswittefr wMoh in shown by a flash In th» 
l i t u r a ^ ^ e , toin^ tht fao% thvt th« taipty prO(«uot i« lnt»rpr«t«d 
a« unity, fci? p • r « c ^ (5»2»lB^aft*»r siakin,^ «ultabl« 
a/fl^ustsent of purms9t»rmt I^v©© (5,2,5). 
"'h® rtdiictirin formula (5.2.1B) 1» i^un addition to tfc* 
following £n(>«n reduotloa forwiila* of Buffob-gan ax^^ ^•rirmtttB.wn 
Ql6, p.439(3.4) and (3.9) "] for a^fflp« a» P®"rl«t»» function 
P:I;I r a|,...,a^ : b; b ; 
1C» «X 
A ( 2 ; « j ) • . . . • i^(2vap),b, #««; 
3? 
Sp+a^gq-^ 
^ ( p - c ; - l ) jj2 
A(2ia. ) , . . . , iN(2,<l-),«, A (2',»)i 
L ^ 'i . . . (5 .5 .19) 
( 89 ) 
and 
P:I;I 
Q l l t l 
^^•• • • t a ; h^ ©i 
x, -« 
2p*jr 2(j*3 4 ^P-q-l) , 2 ^ 
A(2;d^)•.,., A(2;aq),b4f»4t ^^^^ 
. • . ( 5 . 2 . 2 '^ ) 
ll«i»» A Tnia) abur«vlate» tb«» array of n parnaot^rfi 
(a*3-l) 
3 * 1 , , , , , n. 
?or p • 1 , q •• o, {5.2,10) redue*® to ( ,^2,1'*5)» i«tier»aa 
for p " 3, g • 1» i t ]<«atto»ii to (5,2.8) . 
?lJ#n © « I in (5.2.18)# «• hm 
p : i ; i (iij,) : <5; a; 
(a ) (a )^l "\ 
''2p-»-2^2q^ 
^(p-<i«4) ^2 
2 2 
• . . ( 5 . ? . 2 1 ) 
( 90 ) 
which in tl^ c^n»mliaatlon of (5,2.17) aad i s a tpeolal oa»« 
of i5.2A'^K 
i'hen • • a , (5.2,18) rwauoet to 
(a^) ( a . ) n 
2 
x« «« 
I 
• 2 
2pn^^aq*2 
^ ( p - 9 - i ) 3^ 2 
(b^) Cb^Vl 1*2« 3-24 
. . . (5 .2 .22) 
«tilch im ^ « ^#n»r«llxatioa of (5,2,9) »M ( : .2.12) anfi i« « 
«p<?oJUil OAii« of ( 5 , 2 . 2 ) . 
<'49 oonolua« thl» Motion by ro^narklng: that:* ftltboufbt 
tT'^ns^oTmation Mi& fedeotlc^n foroolAt of App«ll*9 fimotlons 
F- to ?A anf? i^JKiap© 5« •'«rl#t*9 funotloii a r t ?tlv»n In ^x%oa»* 
book [41), monograph of Appall tmA Kampo de ^ i ^ i i t [4], 
Trivafltara | l 'Jt O-? ] , (i a j , Ablodun f l ] , ^rxlley [ l ^ ] , 
Burohnall ^ 3 ] , .^arl«on § 2 ] , ^3 j t ;p«»lyl | 3 l ] t [32j, 
Bunchraon ana -rlTaiitava ^6lf if-arlniion (^ijt 'ban ttsA P«tb«i 
[56 ] and Oupta (46^, t l» traii«fOf«atloni>« ana r«auoHoiit ctot«ln»d 
( 91 ) 
al>ove aim additional rvirulto which havo not ^gg<>iive^ in th« 
literatnrd. 
5.3 o:!La^a^5n};iiiLiiiiiia4i<: 
Coimi !®r tba Integral in ths font 
'B / • t ih 
t> • 
. 0 » 
1^1 8t 
• ^ ' ( f . .^ # y t ) « t , . . . ( 5 . 3 . 1 ) 
wh©r« V (f» ^^ i y t ) ift anoth»r tjypt of oofrflu«nt hyp«rij»o«ttric 
fttaotlCHfi intpO(iBo»iS in 1927 by ?• i>. t r tooai [33tpp,257(?,7)» 
2€?(l)i sao iliio 62t p.27'> (9.12.2) J in the foygi 
0 -• «• 
ff f-^*-l t 
l - ( — ) 
y t 
f# f-g-^l ; 
yt 
(yt)^ H^  ( f, s; yt ) 
-^(l-R) (yt)' 
•( f- g •» 1 ) 
f . 
1* 
1 1 yt 
( l5- l ) ( j t ) ( U g ^ ) 
. • •C '^ .3 .2) 
( 92 ) 
f ^ t 
» (yt) ^'Cfn.g-riiythCyt) a*f-g)^'(f*l,s»yt), ...(5.3.3) 
utioh thfit |arg(yft)| < -»£# g ^  o, i 1, i 2, . . . . 
*"»w In tht rlffht han« pifl« of (5.3.1 )t eKpr«?»*iing 
I I St in power Mries fom^ iatetclmngitv: tht ora^r of 
•ttaraati(«i aaa lut»jrratlon, lat^gpatlti^ tona by t«i» wlt^ th t 
help of l0«on«ff lnf:i>gT€4 [,?*'• Pp.l286Cl!3), 12e7(lfj)i i»*» al«o 
2, p.a-^ieCie) and 75, pp.l87a«)f 19^(8) ] , 
"* -» t (a- l ) 
IQ - / • t 
^ o 
m "(a-^n> 
l^ l 
b ; 
xt M-'C .^ gt yt) at 
(•Vn ^^f^^Wn ^^ ta 
r(a^nrf) y« ^to^ ^a-'^ ^ '^^ W ^^ '^ a**! '^ ^ 
y y 
. . . (5 .3 .4 ) 
prOvid«« that %(a»-g*l) > 0, ! J^{x)\ < I , n«(m) > 0 ; 
tt»lQg Kul«r»« f lmt linear tran»fO!»iatioa (4.:?.12) ana 
interpreting the retnult idtfi the help of the definition of 
'^nvaeitava*9 triple eeri^e ?^", 199 $^t 
2 e 
iMavaMMrfiM e > — i i i W i — i i w 
'(a-gn*f) e* 
(93 ) 
F ( 3 ) 
::-j s w-e- i^: ^$ f* K 
o-«*i»f ; ; s -• -: o; •;ki 
. . . • (^ . I .S ) 
J 
On using u^sraer^ u flr«»t tramsforaatlon (l;,C.l3) for botb 
• F^ (B in the* "l:::!!* hanA Ria« f^ the Inte-rul IQ, 0«pf«»»«lng 
one •?* in po»«r perl««? foraj ana i^aln using Usaon's in^gnA 
a,o-J!>i ;; s -; -: c-fe,- s ^- t^ 
'0 
,?(?) 
it^y^a-« - • 
a-«ntf :: -, -, -: c -, s ic i 
•. .(5.3.6) 
On twine (%3»2) for 4-"<f,i:iyt) in 1^  (5.3.1)» •xp'^nting 
•aoh x^l'^ ^^  pow»r n«ri«ff fcsirT«» in^s^aUns with th« h«lp of 
th» a«finition (2.2,18) Of >aina funotiDn nd in*.i^ Tpretin?^  th« 
result witb th© htlp of tbo d«fini*:ion (1.7.X) of I4)uric9lla*8 
trlpl* \iypT^om»tTXo function ? -* , tm set 
'^(1-fl) *^A 
'8 
n (3) a TE • A '" r* »^ '^ •^ » *^» °» -• k i ~ t — - , — (f-gn) (a-y) "- s-y y«8 B-y 
"^(g-i) y^^"®^"'(8*i-g) 
( 94 ) 
i?(3) f a 
«•« • •a s-»« 
• • • • ''.J«3«7i 
On the 3th«r hand. If m wn© tlse i^nult (5»3,5) In tb» 
intft-ral Ig (3.5«1>» appXy again 01f?ion»9 iafc«f:ral lg(5,3.4) 
with t ^ ::ul«»r»»! f i m t {4.2,12) una nccond line«r»- tranp^'oi'aaftton 
[^62, p«248{9,5,3) ] siv«n by 
2 1 
at b,' 
c • 
( I H I ) 
Q««t|«t) 
2^1 
o«i^,c-4>f 
c ; 
• larg(l-«) ! < n « 
ana int«ifpf»t tb« v*«ult in thu fora of P""^  , .70 ^ t 
8 
"(iiH) (a*l-s) yCl-8) 
'C«-^2*f-g) 
ni3) 
a-^i-c;:-; -t a*x: 
hi f - ^ l i b ; 
oi 
.F 
9 l c | 
a^-«)"lBi "(a-^-*!) gCl-^-a) 
Xl-f) r(a*2-«^-*f) 
(3) 
— : : S -$ a-g'»^l,a : b t ;>f-^»l*f; hi 
»-«+2*f : : -• s ~ — — ; c V 
1 ^=£ 5 
3^o« oonpariag the lntaj?rsa« (5.3.5)# (5.3.6)t '5.3.7) 
( 15 ) 
and (5»3«B) ami iiakln?!: su l t i^ le adjuptritnt of tjamsmttm 
and varlablewt «»• ^ t ttm rollowing tbrtm tnimfo^m&*iaai' 
p (3) 
• : : S S' a«i5n: b ; f; bi 
a-«<^l+f : : - i - , ! Q% -V Wi; 
a,a-«;n : : - i - j - ; c-bi -^ k- hi 
• a 3, v3) 
o-s*i*f :: s s -; e ; -,- K I 
. . • ( 5 , 3 . 9 ' 
<f-eH y L - F C7) 
a-s)«a-y) a k 
r X y s 
1-y y-3. 1-y 
1 
, .p) 
l<-8 !"« J»«l 
y^^*^^(Ua^*f) 
, P (3) 
o«g*2*f : : - ; -,• 
b; 2-f;*f,l4f; hi 
•:; K . 
'• y • s • • . (5 .3 .U) 
( 96 ) 
*!ianjw»r *:h t the tao »ia«« are -wianlngful in ©v.-ry ojfi«. 
"»OBr «• •Imll ailKJUfl?! florae partloylar o&seit of tmiwforaa^lon 
forflUJlMi c-^ iven above, 
^*«n X • o and 1+ a- g « d, C5,5.1) reduce** to a traofffor-
antl'vn of '^aape de ' ' t r l e t ' s funotion» in the form 
2:0,1 n, a ; - t Ic-h 
Obi-, 
1 roil I «• f ; - I ic ; y 
.a ,, 
1:1 ;2 
1 :o; i 
a : t; d, h; 
i - y , s 
a-^ f ; s »c ; 
. . . (5 .1 .12) 
^or y • I , (5.3.IS) reducef^ fco a reauoUon foraula 
^:o',l 
I toi l L 
n 
_i 
. .•(5,3.X3) 
On set t ing f • o ana i^pXylns SinftaiaL tho?r«a 
J 
( 37 ) 
[ 8 6 , p.74(5) ] t (-^.%13) re^uoeu to kn^mn tmn*"*-ima-tion 
(4.2.12). 
For X «» B » o, (5.3#9) K»rtuc«fi to (4,3.12). 
'•bon y • I a 1*1 f » 0, (5.3.9) nsdcceo to 
(3) 
a : : - ; — ; - ; o-«i w k-^i 1 
• » * • X+'S. —Z 
J 
— ?2 [ a i b , b | c , 5c,* x , B ] . .* . ^5.3.14) 
'letting ic • B « o, rtplacin?; y by l -y , g by l+a*f-g In 
{'5,3.1"') and uiiing (4.2,12), «« gut a tefto n i^nult (62,p,249 
(9.5.7) ] 
2h y 
"•-S ' " ( g - a - f ) 
TS-«r (j5-f) 
rt 
2-\ .•*(S,3,15) 
»uoh th?\t iarg y • < it, ! arg( l -y) i < ^ ana a^f-g ;< o^tV.i 2,1 3j 
( 98 ) 
iJben o « b aal g " 1-* a- d In (5.3. ^ )t ^ havt 
X3) 
a :: s—« a : -t ^i n ; 
« * f : : - i — t - : - • - ; ^ 
X, y , e 
2;o;i 
( l -y ) P 
i. :o,i 
at a t - f k-* » 
x»y*B 
J 
For k • h, (S.5.16) r».liico?? to 
(3) 
<t yt a 
J 
ft-r)' 2^1 
St f S ff 
a+f ; 
5rJL.3L 
1-y 
J 
. • . (5 .3 .16) 
. . . (5.3.17) 
whiah,further for s • o, i»<luoep to a kno«n pe^uotion fomula 
[7. p . 7 9 ( 2 ) ] 
?^  f^a-.(!,fVfi^ix,y ] - d - y ) " * / ^ 
* • Af 
x-y 
l -y 
. . . . (5 .3 .18) 
-twn k « h a n d y « o , (5.3.16) r«attq«B to a kanmn r^mlt 
( 99 ) 
?:o;o 
1 :oto 
x»Z 
(irr : -1 -1 
• 2^1 
. 
s • s 
a f i 
•..(5»3.19) 
Thin b « » o o - x " o a n a s » l * a-d In (5.3.1^)^w» haTr* 
i n ; 2 
i : o . i 
a : f; h, A\ 
y» « 
d" f^l - i k 
(f+d*«X 
y*(d-a) 
a 
<''>a^ '•'•>4 
•^•tting a * 0 In (5»3.2'0 and making «aitabl« acljui»«;a»at 
of par«Mt«»rA and varlabltfi« wi g»t again (5.3.IS) . 
a*en X « o or b » o in (5.5.11 )# wv f5«t 
mv 
F 
l | € l f ) l 
G ; f ; h , <ii 
l - y t 8 
d-^f: - -f k ; 
a y (a-a) 
(a^) 
i:iv2 
i:o;i 
a rf-ii+a; h, an-, 1 
l-yt s 
( l ^ ^ ) 
(f- a • d ) o:2i3 
p 
f^'^^^hd^t) i;oii 
•: i*f» i-^f-ft+atatfiith; 
a*i*f; •I k • z J 
. . . (5 ,3 .11) 
flltn It «• h m (5.5.21)» we h a ^ 
m 
(f-*-» d) 
ay (l'fd^f««<i) 
(f-a*d) 
?^  [ ai f, &; d^ f ,^  l -y, 8 ] 
?i, [ d i f-»*d» «•!,- d*i^ft i-y» s j . 
. . . (5 .3 .22) 
6.1 j ^ s a i 
a t loal ly th« moet recent ainA uptOflmtn d«»v©lop*-sentst on th» 
th«OTiitio audi applloafctv* ««|w«ot9 of t\mw9 functions, '^ h« 
pi^wetit chapter iff a©vot©<l to his Important furssftlanii of tlhr«« 
varli*l«fi (Ic)„ (n) af^ (k),, in) (for k « I , n ""^  ) and funotioni! 
IL, ^ and K- of four i^riH^l»«, •.?© ©et^ l tah here o<&rfcaln 
triiinyfifortiatfion ana reduction foraula« of tfc©*»e funotlonji into 
functions of -"rlva^ta^at -taapt dt ?®rl©t» 4pp©llt i-lorn , 
l«aurio«lla9 Carliiont Pattmn stf^  AXton« 
In a4-Utioa to th« tranpfor«aatlon aiicl r^nluction foratjlm 
for hyp*re:eoBMitrio 9«ri99 of two noVi thr»« variables ot>t%in»d 
in tho work of Pat htm [TB'], [7fl, (05|, ahatt ^:>J, rndeyCnJ . 
:»tdn [413, (42, p,539(13J 1 , nrivaatava jl 7]i Hhan ant! '^athan 
(55» i»e alfto 54 ] gave sioae fovmulm of tfei» kind for yton*9 
( 102 ) 
Mrleci ^^ i^i.^ -^ ^ In (^5], an integral representation of 
(l}j, C3) ^^ ^ ^^g Q^ ofetaia the siain tmnf^ for^aation foraula. 
loti^mted by thifi fowulat i^ teotiaa 6.2» \m «»ouia obtain a 
(1) i^) 
nmi^v of trtinefoMiatloiis and roductiono o** '% function 
by using known tt^ wnif ors»at ionn and striee laanipulation*. ''ino* 
{lit, i?) |g gj ^©naraliaation of mm*s function l^ ^ and Appall•» 
function of aacond kind Pgt many foraulaa of "'^  tnd Fg follow 
oa flpeeial oaaaei of our nain resultfi. '*any aoi?*? oonneotiona 
of ^^ 11^ ^^ ^ to functions of '^ IvaatavafsF ^ ^ ^ ''mpi da Fairiet, 
Rxton'a Z^.ry and thair apeoial c^aaa ax^ aleo diact^siiad. 
'Motion 6,3 i» a aanujjJL to tb© pr^vioua aeotion ^nH it 
ai'dP at d«t:>iving aosit trancrfommtioriii ana irc^ luotlonsi of --xton's 
ft) / « \ 
function ' 'iL^-'* whiofc Joolu4a a© tt^iir upeoi^l casa® auch 
bypei^o-ia^rie functions m i4i»riO0lla*e F P t '^ apon'a F« , 
(A) 
Patban'a F,^ ^^  and Carlson's n, i t i«^  also ©b^ t^ n how tha siain 
x^f^ilta (6,3»3) and (6,3»8) a » ralated to a nu^bar of knosm 
raeulta for .ppell*© F- ami n'orn's IL functions given In tbs 
work of '^i^lkyi f n ] , (32j. 
r^ actiona 6.4 ^ S,'^  doal with the ra^ucibllity of xton's 
( 1^3 ) 
funotlorui of foii,r ^mriabl^ii K t^ ^^ ^°* '"'3 *^ .''aurie«ll«'» 
?y\ <^ ar«m*fi P,^  and ^rlva^tava*3 ?^^^ funotioae. ^oim 
vmlte of '^ar'an'a ?^, ?p aofi .pp»ll«e F^, J^ a r t deduced es 
I'hlt ohapttr oonoludfte by iJTfifien l^nT in section 6,7» a 
corwMjtion to a tr«in«fowiation of T:xton»« funotion ^*^H^^°' 
given in (^ 41# p,X27 J . For tliis porp<»p« ^e shall b« aaklog 
uf?e of th« loplaoo integral repreweatation [ 41« p.l"^* ) for 
(k)„ (n) 
—•£-
3«ginGinf5 with a part icular ca«« of ';xton»e gcMrallswd 
Horn funotion ^^II^^'*^ (1.12»7) for k « 1, n « 3» ^m way 
or i t a 
^^Hi^^^^ [ a . b . oi dt a. f, X, y» 8 1 
•^ a^ p - 'n ' ' "p 
^*n,p^ (d) f«) (f) a ) nl p 
«i n p . . "^  
Z ' l 
iip-..2::p^ I ; 
4x 
d 
• . . ( ^ •2 , l ) 
( l ^ ) 
2 1 
-ow u«ing « aoti7»ftt*« quftQraftio ta?aa»for^tIon t33,p. l l2( l7)l 
• ' •"' ' • '^ , , , ^ . [^"."-I; .,,1/2 
r i 
t 20 - I i 
. (Ua^/2) 
l a (fi.a^l) anfl Interpreting tl>t rswult in the forffi of 
( D H (3) [ a , b , c» a, «• fi x^, y, 2 ] 
X .a 
] f 
! • at / 
(3) 
a;:-» • » - : a- ?# bi o, 
- : : - • - I - : 2a-i,- ©if 
4s 
l"» 2$ * 1+ 2I*1*2« 
If W9 p*plfic« It lar ( I ) - ( j)^ In (6,2,1) oinfl UM a 
wi««lt [ 3 3 , p.lllCr.) ] 
•••(6«2«5} 
.-2ft ( l . f ) / , 
»•• ^6,2,4) 
»• g»t 
^^^H^^5^[a. b , 0, d. « . f; ( | ) - C | )^ y, « •] 
C 1-^ 5 ) 
a«d«it £iS:*t — • - J - t ^ t Of" jj 
: : - i a - « n ; - : a; •»- f. 
( ^ ) , ( ) 
2-« 2-a: 
!iitictf vv0 eDngtiaftf 
. . ( f i .? .5 ) 
(l)|;|^(3) 1*^ ^^  ^^ Q| ,^ ^ ,^ 2p. j . ^ y^ g J 
— a SL. H^  fa^rit Ci d, 2c*, x , s J . , . ( 6 .2 ,6 ) 
(e )Q O \ 
and Uit« a tran^fopsatloa of £rdilyij^31f P«3B2(7,6) i m^ ali 
32 1 
H^  [ a , bf Q, 2b; JC, y ] 
a-^ 1 
fi- 5^- 4^ fi - r •• "• h ^ h l£x . . . ( 6 . 2 . 7 ) (2-y)^ (2^y 
to ^ t 
(1)„ (3) 
'H [ a , b , oi d» e, 20', x, y , a ] 
va - <*^ >n ^ / S L ^ * * ^ 
^•^ v # ) „ U l V .^ - ' 
a-*n a+n*l 2o*l l&c 
2 2 2 (2^r 
8 9 ( — r 
2-8 
. . (6 .2 .8) 
( 1 % ) 
Bow uning the o«rl«« it^^r^lty (2 ,2 . l ) In (f.^.B) and Interpyw-
ting th« wiiult In th^ fowl of ?^^% mt get a reduction of 
(l)jj (3) ^jjj^^ g^  ot-MiibloaUoB of two F^'^»« In the fows 
(l>n (3) ^^'^ j^a, b , c i d, e , 2o» x, y , 2"] 
•ij 
I 
?' 
. . . . • a' 1 • |^»1- 20»l . 
r 
• V^-8 
L 
• f " " " f """•• ~ ~ t 
•^  2 16K , 2y 
, e^l «'»2 2cn ( 2 - s r \2-s y \2-ay 
*• 2 2 
. . . (6*2,9) 
How consider the eeritfi i n the for* 
(1)^ (3) r ^^'^ r a, b , b ; d, 2b, 2b,- x , 2y, 2B | 
( a ) ^ X 
,. «e F^ j e^ Sffli b , b,* 2b, 2bi 2y, 28 '/ . . . (6.2,1 ' )) 
^"^ (dL « | ^ ' ' 
and ufilQg tlie rpiiult (4.2,5) of Bailey aad a remilt of 
{ 107 ) 
Oarleon f 2^t P.961* e«e csl»o 'i;i6, p.34 D . l ' ) 1 
'^  [ a ; b,- c , oi t"', jr^  J 
2nii Fa,!) : c- | t c - 1 , 
CK*y)*^t{x-y)'"' 
2:<i$p o , 2 c - i : 
t . • . ( f , 2 . l l ) 
« • s!«t a tranpfcwRittion of ^^ l^i^ ^^^ into F^^ ) 
( l ) „ (5) ^^^ ^^ ^j* ^^  2^^ 2b,- X, iiy. 2z ] 
•t — : - f b i b , 
2b • ! 
l - y -« 
* p ( 3 ) 
L 
y+K 
• I H III • • § ! » • 
: : —• 2b, 
iinwnn III • 
•> 
: a ; - » • • 
ci^^)2 U-y-s; \i-y-c 
. . . (<' .2 .12) 
«nd varlabl«ii l o (6 ,2 .1) aiii! umlng tho tran<5for»satlon I 38, 
P.66(2) 1 
2 ^ 
a» b ( 
1 + 4 -*', 
S 
1^8 
i*' 
l*a - b ; (1*8)" 
. . . (^ •2 .13 ) 
and th» f»t<»ult (4,2»15) of Tanocha, *«• feav* tha followiili 
( l ^ ) 
t raawf oma ti oiMi 
(Dp; (3) 4 at b» ©• «, e, f; -—--^ t y» s 
a,«-dH tt —»f •f — : — t to| cs i 
5?»y(l*x)»B(l'^) 
L' :: -*-,' a-dHv—: a , «• f t 
K. 
..•(C-.2.14) 
• y» « 
^ j 
. . . (6 .2 ,15) 
by th« •quatlon (1.12.4). 
fl 's (%") 
<5lgillr.rlj A't ;?fft a r»fluetion foiri»ul& of * *?L*-" into 
Kempm €• F<»riiit»p functl fn in "rh© fOf» 
a ) . (5) ^^'^ j^ a» b , e<4M d, t» e't Xf / • y ] 
ftfijl : •; b, <.-b ; 
'(1-5) 
2:oV2 
'n,3 
4x 
. . . ( 6 . . . 1 6 ) 
!idw «• flhall d«dtiO« fiQiit partioular onm^m of abovi 
( 109 ) 
I^spn B « o or e • o, (C,2,3) r«'uo«f5 to a known t m n o -
fomatl>n of :^ifd4l7l [ 3 l t P.3ei(7,4); nm also 111, p.*2(2 ) J 
(1* c^)" n^ [ a , hi d; n,^  x^. y ] 
P, 
1 4x J 
. . (6 .2 ,17) 
vih»r« 1;^  la .ioi«»8 function* given by %\m eiuatl^n (1.5.4), 
4t»n b •» o or y « o onrt f *= o In (C.2,5);»« s«t 
.S-aCva H^  Fa. Of a, ci C|) - (|)^ • » ] 
•> 
. I a," a-d*l*, fl, »-d*lt — • -— 
* \-^  ?.^ 2-«C -^ 
...(^.2.18) 
?^h©n a « o, © « b, (6,2,9) r«doo#« to 
&t fei «t ^i X. y ] • 4^ f » — ; <?t j ' i ^x , y^ j 
+ ay F^  — , -—,- a. f i 4iE , y J . 
Jtmn X • o, # « b la (6,2.9)» m g»t 
. . . ( t . 2 , l 9 ) 
( no ) 
[ a t b, oi b, 20, / • • ] • 
2-B 
* ay/—•! f 
% . 2 
2-« 
4 
a ??. 
^ a+l • 2o^l 
a n , 3en /• 2y x2 
2 \ 2-8 
\ ? - a / 
. . . (6 .2 .20) 
ftiati s * 7t (6.2.12) rmtvtmti to 
( D H (3) f^ ''^  [ a , b, b; a, 2b, 2b-, x, 2y, 2y ~j 
I V a 
2:0 a 
"(i^J ' "' ',.1.2 I : a ; 21., b -1-^ i ^^^^ ' 
2y 
l-2y 
-J 
. . . (6 .2 .21) 
whifsb 1® al»o a particular eaf»« of tba redectl'^n famiula 
(6.2,16), 
Shan s « o o r c « o a a i a « » b l n ( 6 . 2 . K ) , «• hava 
}! - a,bid,b,* »-—"g ,y « ( l « ) ?^ 
. . . (^.2.22} 
'^ ^•-tliig a • 0 and replacing y by ( ~ — ) In (C .2.15)» 
l-3C-t 
«• jg»t a icnoaa i-adooUon fomula of ?xton |_41,p.l!6 (4.1.16) ] 
(111 ) 
'H[ a» 'H "• t>, a , f%^  «»• d, fl» y , s , t " ] 
»(l-«-t) r %t 
l « < - t 
. • . ( 6 .2 .23 ) 
In (C,2.16)» put*lac! x » Of i^pl-e lni : y by | , 
fiakifif! a -• ••'" ana Ufsin;;; i^^ n^sLT*© f l r « t tt»a?if*for^a«;lon 
i^ 
bi ] 
7 
« ; 
• • A 
1 1 
r" ^ 
• ^ 
•; J 
' 
2 5 
1 
bt e-^i 
M^tlM — 
Con3i<1#r another p a r t i c u l a r oae« of Xton^n ^ iwni l l i s t i ! 
norii ftnotltsn (k}., (n) (l.l;?>.6) fOf k • 1 ousf n » 3 In t,h« 
fO«B 
(Dn (3) I^ ^ '^ [ a , b , ot (!, X, y, a ] 
^«^Wn*p ^^ti ^o^pf'^yV 
•^.n,?-© («) « ] ni pi 
2 1 
aiGi^. ai2±:l3 
2 1 4x 
d-»n*p 
. . . . < .3 .1] 
( 112 ) 
If «• a«o th» i^iivlt r33» p«6§(26)i tm-^  al»o 62, 
-, 1/2 ^-gft 
• 2^* [ l * Cl-o) J 
i -a -« ) X/2 
i^a-s)^^^ 
V i arg ( l -e ) l < n, . . . (0 .3 .2 ) 
. / * ^t: 
^^V^^5^ [ a, b, ci a; ( I -X*-), y t S 1 2 J y i * 2 
 ,a 
p(3) [ 1-2X 27 2o l*2x l*2x 1-^  2X . . . (6 .3 .3 ) 
,.(3) 
^hnw F*j In L©Brloplla*» t r ip le hyp©rg?*o-jetrie function 
of iwinonj! or^pT ifitritn by (1 .7 .3) . 
flow usin^ a tnifMifO'"«ia*lorv of C rleon (j3»P.2;H(l3) 1 
P^'^ [ a i b , ;!» «# o^ «f y» 8 J 
ra,b*d-^ ; : > - * . - , - ' 
x«<s,y-s,a 
« . 
t o - ^ - l ^ t f — t * * * " ^ * — • •*"§ 
• . . . (6 .3 .4 ) 
( 113 ) 
in (6.3,3)t »• mt 
d ;:i'»d*b-*c-<Si-«-i—;• »•-"» ——., 
1 > 2X l*2x ! • 2« 
. . .C6.3,5) 
!^pl olng ( I - x^^ by C I ^ ^ ? )^ and «»«tting « « o^  
Of 0 " Of ( 6 . 1 . 3 ) t%^A3om% t o 
J-:^  I a l^ . b.- «i (J ) ^ ( | )^ y ] 2 xa 
2«« 
• ^ I at aH!'*'lf b» d« *•"—t 2y 2- . . . ( 6 .3 .6 ) 
«h«rcr fl» in Hom'ii fKmtion slvsn by (1.5.3) . 
2^1 
a, I - a; ~* 
a 
c ; 
(1-8)®-^ ( 1 ^ « ) ^ 
( l U ) 
~\ 
•2 1 «•• ^^'•>»7) 
99 g9t 
«Cx-l; 
l-«)^"^(l-2x)'^'* ( l ) | (3) \ ^^^ >j^  Q.^  gj « '••'", y» s • ( 
I at ^"^9 S-a# l-i»f b» 0$ flf df di x, ••'•*• •'•$' "— 
. . . ( 6 . 5 . 8 ) 
«fe«i^ !*^  Ifl IsM3irlc«lla»9 fuaetl^n In '^ .crar*'© notation 
^iven by the ©quatlon ( 1 . 7 . 7 ) . 
In (6.3.B)f putting » «» o ^^^ c • o , r&placlivj rt by «•»* 
an.1 y by j^yi*^ ^ ^ « «w 8»t 
(l«Ot) 
H 3 [.. ?t(x-4) y( l«*) b,- a + f l t ••"-•-•"•'7 t • — " • — • C l - ^ r {1-2E) 
X - f i - ^ i-fiHl o r 1 
Cl-flt) ( l -2« ) F^ a* A; l - a . bi a ^ # x , y , . . . ( 6 . 3 . 9 ) 
«h«re ^- iB Ap(p«ll*» ftawtion of third kioa '^iven by ( 1 . 3 . 3 ) . 
?h» traOBforma-'lon (6 ,3 .9) wai» t a r l i e r obtair^d by 
r.rdilyi [31» P.382 (6,4) J . 
( 115 ) 
3ft 
In (6«3*l);;?epli»oii^ X by — ~ - ^ - . ana u?»li^ n w»ol% 
of %noeha (4,2,15)f wt mt 
a t a : : —, t • " # " " f —: —,- hi o; —i 
f. (4) P ?Sty ( l -^ - t ) t a Cl ~x»t)»t 
«« d f d t "• • • - • " ^ t 
• ( l - « - t ) -a (!)» (3)1 xt 
(l-«-t)*' 
t**« C6,?,l ) 
ifhuns F^ i t ?athan*R fje«drt>WL<Lhyp»pg«osj©trio function 
jjlv«n by the •qoation CI«13«1)« 
^^ h«n a • 0 or 0 • Ot (6#3.1 ) Tf^ diKsos to 
f (3) 
» • « : : - t - ; - : • ; ^ ; ~ 
; ; <ii fl f - : -ni - f -
X, y ( l -« - t )» t 
(1 -3C-t) ri, a, b i ?n r:" ' :^  • ^ 
•5 \_ a-«-tr 1 
•••(^•3.11) 
f 9 
'^^ttitm t •» 0 iwitl fwplaoin^ y by —— and s by ~ j 
1-* l-« 
(5,3»l ' ) iwdeo«t to 
f^ [ a , a, a» A, b , oj A^  d, rt; x* y, s ] 
.•(6.5.12) 
( nc ) 
where F,« in Laurleella'ii trlplft hypert^ecwmtrio fuaetl^n In 
«?ivrftn*it r«vi»td notation f»lv©n by *he ©ouaMon (l,7.fe). 
b 
f?©pl olng a by 2** b* c-l» d by a*b*o In (6.3,3)» w§ iwt 
n I ai'»b*o-4i a«b,o; • — -• • f M»a I W l l l • • « » — » 
^^flj^'M 2»-^*o-l,b,o-,a*b*c;(| Ht^i.ytiz: 
1+ 2a 1+2X 1^31 
2 •Nl-Sa-b-c 
. . . (^ .3 .13) 
«t)«f« ^ Ifi Carloon^e t r i p l e hyp«rg»oa«trle ^unotlon f^v%n 
by fcbe •n^ation (l»d»l)« 
I t 1» to b« notfid that tb« •ihr©© ©tandni^ '<rirtA9 of 
• l l l p t l c Inttgralft vco«»!pl«t« • l l l j a J ^ In'-.egral aiv^  lnoaii^l»t« 
• l l i l^ lQ int«g?*a1.i!i of fiwit ^nd ©•coa<S klnde) ap« hyjwrjfeotittrio 
funotlansof tho typt ^3 . I'herrfor* the function ^^ ' ' 
feaffi frpuclid laportaaoe for iippll«A '?atb«iK?.tlOf» and "?ath«iat:ical 
?by«iOfi« .Uthottgh H «mft ^^ j ft«* •qulvalentf •• turna out to 
b« soro oonwenieot for both theory and «p. lloatSaiw (»•« for 
•xaraplet th« work of lurleou [^ X8 ^ ) , 
In tfc» tftflt* iw add out more tranflforfjiatl n oonneotlnit 
nom«e fuaetiofw rij^(1,5.2) and G^(1.5.1) In the fora 
( 117 ) 
I" -« -y ~1 
, 3 | 1-G, » - a , l « « i "'•'—- • -«—— 
- • 0^ l - a , 0-a» ! - • ; — 
-« -y 
* • . . ( 6 , 5 , U ) 
t 
^ • ® W ^•^^n-« ^ • • W , -K . s i ; - y ^n 
8! 1 n i V i-^ / ^7 •X 
j ; • I • i » i i i W » W j ' mmmt j / ^ F * 
•~i 
s 
. • . (6 .3.15) 
«5 ""fX^*) 
l -a '*' (I«O)Q(»«4I),^ jr** 
fW> (6 )^ n 2^1 
vX-« Ci*xr ~ ?. -
(•)„ n ^ wl 
which 1» eoovert«d to {6.5,14) with tbe help of the definition 
(us ) 
(I •5.2) of i}otn*m fimotlon n^, 
6.4 '^^DTx^mtrrT C5P 
• a^>ii|»i i K —• • • i--<UA*'^fc«* "•<Mi 
jcnifc • 
Expr»Bf»ing F:^-fuaoUon (1,13,1) In the fora 
r^  f a , at a,at ^t t), b , Q | <!, o, f* a^  x, y, ss, t ] 
''•^ («)a (^)p n i p I 
F^ t a-»n*pife*n^P»Ci^s,t 1, 
• . . (6 .4 .1) 
i*wttlag t • X In (6.4,1) »a<l uf i i^ a i^««lt (7, p ,79( l ; ] 
« ,b • 0 ; 
F^ [ a j b , ci l i «» X ] - 2^ j^^  
L a ; 
. . . ( 6 ,4 .2 ) 
v/o t ^ t 
• f O) 
-1 
Kj^  j^«t a, a, a-, b , b , b , oi fi, «, f, a, x, y>Z,x] 
*,b+c:;->b ; —: • li • i «-^ 
Xf y , 0 
• 9» ^ # 
• ••• (6.4,5) 
«l»n y * 6^(6,4,5) r«auc««! t a a if««luc«ic>n fortiula for 
l^mirleolla*!* function P.^ glv#n by (1.7.5) 
( 119 ) 
Py [^a, a, a; b , a, bi f, (% f*.4 s» X, x J 
m ^ 
iZOfi \ a,b^o ; - ; b 
^n,2 - ™ - : a ;f,i3*o , 
-\ 
X , 3 , , , (€ ,4 ' ,4) 
!irh«n f • bt (6,4.4) i?e^uo»r! to 
?P [ a , a» a» b , o»b*>M» '*• *• *• * J 
. . • (6 ,4 .5 ) 
«h«rt ?4 1« .'ti^p*!!'* fKiictinr* of fo«rtfa t^lrw! «:lven by 
(1 .5 .4) . 
TfttftiR?; a • le in ($.4,5) 4Uid uplng a xw'^olt of ^^urchntall 
Fp 1 a% at at bt Otb;b;,^» ^9 Xt *• * j 
2 
5^ 2 
2 
U 
4t a* b • c - I 
. . . (6,4,6) 
*fe«n 8 " -at t <3 • b*o and u«ing a remilt of ^ivwiitav* 
^ 0 8 , p,2%('>)t «H» also 16, P.439 (3.7) J 
(ISO ) 
? \^ [mi b, 0, ^i « , - « " ] « • ^Fj 
a a+1 b V»l, 
• 4x Z 
(6.4.5) roduooe to 
F^ [ a« a* a« b, c* b« b« b ^ , b ^ t ««« x« it J 
2 ^ •4x 
b -f 0 • 
• . . (6 .4 .7) 
.• .(<^.4.8) 
6.5 m?mjcii5i...JtY w K«-^ut5c?i';?j : 
Writing ^-fiaiotion (1.1,7.2) In th» for« 
Z^ La, a, a» aj b , b, b, oj fl, « , f, gj x, yt a« t ] 
lll,fl"0 («)^ C*)^  ffll nl 
^gfa-na-rni b^ w^Rt cs f, gi s , t 1 . . • • (6.5.1) 
dotting ?! "» c in (6,5.1) and o«lns a i»»olt (_7. p.79(3) J 
• • 
• . . . ' 6 . 5 . 2 ) 
C 121 ) 
t^ r^« ^f ^ ^^ f ^« ^ t ^ t <>f ^* <»« ^f <it ^f y t iif t I 
-a / ,x r X y B 
-  / ,  r    
( l - t ) P^^' aibta.o.fi • • 
" 1 l - t l - t l - t 
.••(6.5.V) 
ihtn « • o or y • o or a "» o In (6.5*3)f ait r.^t a trnown 
ntdiictl r. foi<m2la of '^ivaatava (99t p.7l(5.3) ] In tb» forn 
^1 (_»» a* a» c, b, h4 Ot a, e; •:» x, y J 
• ( l - t )"* ?. f a, b; a, o; -— • • .• . (C.5.4) 
L- I—t l""t J 
^lallarly K ,-«»rlt«i can be srH-t*!! es In th» followins? 
fora 
t^ \_^9 ^* ^« ®$ ^ f ^« ^ f d f f^f 9 t f t 'Tl %t /ff St t J 
• t -'• ' •'•—" - P4 («»ixqib»pia,«<x, y J . 
" ' " ^ ' ^ P ^ ^ ^ " ' ! ' ' . . . ( 6 . 3 . 5 ) 
flatting y • X m (0.5»5) fK*^  using a s«9ult of 
Berchnall (4.2.2)t we «ot 
( 122 ) 
It^ratftfata* ^t^tb, oi tit ©t f» ^i x» Xt s» t ] 
» • • «• •*» •"• 2P» """^  t • ®* 
(3) 4St 2« t 
• ; : • ; - t * : -u ©t a*®-!-, f,^  ^» 
. • . ( 6 . 5 , 6 ) 
I »«Wl1>i»H«»M»<^<W> 
a^fkftid^ F ?.^ «iM»ri«« (l*li'.3) m th© fowl 
(^ t^ Sf a« at ^t ^* Ct 0^ dt e* et &i «t yt St t ^ 
ntp««o 
^• 'n^ nj pi 
• • • ( 6 , 6 . 1 ) 
flatting t • X, a " a-b - 0*1 in (€ .€ , l ) and uj?li»t tb« 
30Br?»at'p qusw!i^ l^c trafwfonaatlon (^33t P.113(36) J 
[ a» «» -f ^ 
2 ^ s 
a-bHt* 
4 a ' 
2ii-eb*lt ^^*® '^ 
••• (r>*6,2) 
«• ^ t a reauotion foxmula of K« into l4iiirio«lla*(i funotioo 
Fj (that i» Q^ In '"aran»» r«vif>«d notation). 
ic^(_a,at*»a» btb,Qta*i«^-e'^lt «t«» a-^-oHi ic*^tyt«f«^ ] 
( 123 ) 
4x r s 
~2 • '"""""-^ t (i*xr a*xr (i*ic) • •• (6«6a3) 
!/h«n 0 " o» (6»6,3) vedtxoef? to a i-nown tran?»*'or^atlofi of 
Apr>oll aart ranp© do ^ H e t (^ 7t p.99(l3)j ••© aliio ID', 
P.766t4-) ana 4f p«27 ] In the ^om 
?- (^ ai hi a-^tl, ei x^, y ] •(l+x) «^a 
Fg j aj fti-to* I 4x y « b ; 2 a - 2b*lf « ; — • — — , • ••*(6*6,4) 
ahon B • o, (6.6.3) w>^ uo«t« to a r«<!luotir>n fo^aula 
( I t f t ) * ^ * f 
. . . ( 6 ,6 .5 ) 
6*7 Q'l!^::i?^ra.TQ.-^ f,'^mmn^9k-^X--'^ '-^  ^^^^^ : 
In tha boov: of Titon (_4lt p.l27(*.4.7) J» a tmn»for-
oatlon of ^ansrallsaa il&rn fiaiotion ^^ 'H^ *^^ ^ la given la tha 
fom 
( IH ) 
'Sen *n ] • ^k^^^ [*• Ol-^-— «lc- '^ V l ' - - ^ n • 
23 
•liiwii«1liil» H i I  111 II g • « » t • imrl—MMM III 
. . . ( 6 .7 .1 ) 
provided tlmt» for coav»rg«jr»» 
_2 i 
«» i«»«iMiTim II • • • 
• • ^ - - . * 
l * * l * # . . ^ l 
^ . . . - ^ 
< I . 
?hl» tr»n«»for«ation was an «it«n»lon of an earll«r iMwult 
of ^fdan-ami aM ^aiton j^lll 3 . 
In foot ttM atoov© fewiawforaintlon (6.7.1) i» lnoorr»ot. 
% shall glv« th« ooprwst forw of th« atoov© trarwrfowi'.tloa 
by ankioj:; UM of Ii^laot int0fr25i. repreiwiitatlan f^l tP . l H 
(5.5.4.5)] for ^hi^^'^^ in the fom 
( 125 ) 
H *^* ^ ''4 I ** ^•l»*»*»^n» Oj.»»»»tOu» ^^'''''^n ) 
« ! • '0 I 
'k» 
1 1 
^ » 
°« f 
* n * 4t , •..(C.7.2) 
i ^ r « %(•) > o. 
9 
0 1 
yS 
- ^ ; 
2ft«4. i 
4y C<i--7 3} 
«uoh that (2a-l> iff not an odd intogf»r < o , 
to MDh 0^1 •»# »0 *S''W« 
« ; •xj,W)423t^*...*23t^HVt ^A 4itj,t . 
I 2o^«4 ; ^ 
( 126 ) 
l^ l 
k n 
•1^1 
V 
t«n» 
Xjjtl dt 
"^ (ft) f 1 V 
^V^ 2c^ -^ ' V v 
«JJ 
"»"• 
,, M 
"—' • • • • # — — — — — — — — — 
l^ 'roia (C;.7«4)f w« hftvp tte« following cor»^eot form of 
K3cton»» r»iwlt (6,7.1) 
2c*- l , . . . t2au*4. t o ^ ^ t , . * t O ^ ; * " 9•••9 '"" '•' "' t 
n 
1+231^-',•,-» 23tjj l * 2 X | ^ * . . . * 2 X j j 
. . . «^.7.5) 
In tfe« la« t t i*i »<(l^  one aor« timnpforaati'^n for tMio 
( 127 ) 
by 
Ktisrmr't e«cond traii?rforsiatlcm ( 6 . 7 . 5 ) •:o each ^^'^'fl • 
( k ) , in) r% ^^'H^^**' [ a , b ^ ^ l f . # b ^ i C j ^ , . . . , O j j , 2bj^^^,.., ,2bjji 
j • 
0 
\* **k*l***** ^ n 
*t(t"2sti,^«" ••* • 23C-.) a->l 
"kn n ' t 0*1 x^Y 
[—. 
•*• 0*1 «fc.t* 
L°k • 
o^l 
2* \^l • 
^If 
o I 
^ 
2 ? 
* t,„ .' 
{l-5X|j^^- • , ,-i2Xjj) 
1 **1 **k 
S •• b 'f • • • M W M i Ill m • . . ••mn^^ ^ ^ ^ m •• • i. i c i a • B i w • i j 
(1 ••2X|p |^^ - . . . - 2x^ ) (l-gatjj.^1^-,, ,-2Xjj) 
{ i2e ) 
^ k+l 4^ 
r 
f • • • # 
<l-^3Cjj^|^ . • • • ^ X j , / 2^ 
• •••(6»7.6) 
,1 
Proa (6 ,7 .6) , 'm hnv» another transtfot^pifcloa of •'^'JT^^^' 
into i4iiupledlla*« ^onoti >ri ?J**' in th« fora 
3 i^^ ^ [!•• Sj^  ^ . e^  V I ^ v i ? * \ • 
At 
- J B. 
Ci-*ait^^i^*. • ,-2Xjj)* 
. . . ( 6 .7 ,7 ) 
iHitn k « I ft?id n • 2, (6.7.5) v&uQmm to a tmiwfotiBat.ion 
(f'*2.17), which further rtawo«« to a kno«rn quadratic ^nin«-
fop«a&tion [ 3 3 , p . l l l ( 4 ) ] in th» rom 
2' I 
5 ail • 4«f 
k 
a*^ > / l 
a, C j - J ; 
2c% •4, 0 
i^ 
...(c.7.e) 
( 129 ) 
fitmn It " I ana n • 2» (6.7,7) t^ auo^ t* to a known 
tiwiflfornatlon (6,2,7) of F>rd«lyl, 
ah«n k • 0, (6.7,7) wflcc^^ to a known tran'-fomatlon 
of l^v»«%«wi and "xton [ l i l t P.39(^) ] 
0 
a «*l 1 ^ ^t^ 
• • • • 
i% 
• • • f n 
(1«2X^ • • . , , • SXjj) 
• . .(€.7.9) 
whioh hoXda trtt« wrhen jx^ ^ I • . . . * 1x^ 1 < | . 
i l i E i s i 2 i B ^ £ i i I 
[L] yjioduo, .^F#A» • ?ran«fow9atlon for'sulaa for Vusipe' i!# 
aa « Intfag. vfs;.ith, U (198 )» l - l l , 
of e«»rtain raaial itttrl« •l»^ttt«, T« 'feth, tiyfl.» 0 ( 1 ) 
(1%7), 2^3 - S^m. 
[3l .p^itllf i'.t '^r loo ««rles» hypergiioBs«triqu«B ''o '^ux 
variable! «t »ur ;!•« «quatloa« difftri«nti«ll»t lin«alr«B 
296- 7 n . 
[4] AK>#11, '*', •t.^.«ap« d« ?«riet, J, , Ponotlono hyperg»(W^ 
Oauthitr- villari» • t c ^ * , Parle, 1926. 
[5J Afik«y, '^ , and aasper, (J, , !»rtaln rational funoti'-rm, 
tvhOM po«»r 9mri99 have poeltiv* {^9«rficl<»nt«9 A«i^ r. 
'%th. ^ath ly , 23 (1972), 327- 341. 
( 1 1 ) 
f6] 3ail#y» I . n, , Irodoct* of |5»»«^-Iia»f5 hyp«r;^ois«trlo 
00rl»«, fTOO, LofVlon lath« 'Joo. (2)» SQ (1928), 242-254. 
[7] 3all«y, ^•H.t 3«n«rallss«a !iyp©t^o««tplo fi®?»l»t, Cjaoibrldg* 
IiBivsffflfey ? « » • • London, 1935, 
[8] BalX«y, ^, %., «:»i« inf in l t« lnt«gmlii involving ^9999! 
funotiowi-l, i»roo, London mth* f5oo., 1'} (1956),37-48, 
[9] Ballfty, s?. n , , Th8 jftntmiting function of Jeoobi polynerti&l» 
J . London *«at»i. ^ o o . I l (1533 >• B-12. 
v 
\IQ'\ Eail«5, n »3, , On the fiiaa of a teminat lng 3^2^'^ • 
Quart. J . ^f^th*, Oxford r«r .(2)t i (1953), 237- 240. 
[11] ^arr , 3 . : . , , ?hn la t tgra t lon of ®^n«3ssllwid hyp«rgeoT«trio 
funo^lons, Proo, Oa!ji&riflgo rfeilo*. r.oc., £S vl969), 
591 - 595. 
p.2] Shfttt, ^ . : \ , On th« study of hyp«rs:eo«!«*^rio funotions 
of thr*^ © variatoloff, CJanita ^5 (1964 )# ^ 5 - 74. 
^5.1 BttFohnall, J . L., !>lff«rentittl •Quatit^mt a«fiooiat«4 with 
hypergoojifetrie fuaotions, ;«art.J.'!^th.3Kfor(5 ^er . , l i ( l 'H2) t 
90 - im. 
(111 ) 
double hyp«pg#09ietrlc funotlan**!, «art» J. 'lath, 
[15] Bur«hma.l, J.L. *nd ChMnndy* ?« <, « ^xponeioiw of 
J. Tiath. t>xfof« "^©r.^ ia (1941), 112- laa . 
(I6] '^utctnaft, H.5. anfl *?rlvaiitavat H. '!., ^ r U n i<3«ntitits 
anrt c*edso&blIity of a^mpt d« ?firl«t funotlons, lath, 
I^roo. Oambpidg* ifeilOB, '^oc,,ai (1982), 455-44). 
tl7j Oarllta, I^ », A nefet on ftb« I.agB#rr» polynosiittla/tiehi^afi 
^ t h . J . , 2 (X^>), 219 - 22'^^ 
^a] caylson, 3 . c . , f^ ont Mrl^t anA boaode for lnc«ipl«t* 
• l l ipUo inttiOf^l*, J. «atb. ^tiji.^ia (X961), 12!>-IM. 
F^, J. ?i!ath. AnaX. Appl. 7 (1965), •52- 470. 
[20] c?'.!l«en, B.C., mem «icft««Mii'>n« of I«rtln«r«« rtlatlozM 
biit«o«n ^f« and B«fi«Nil funotlom, J^ lasi J. '.^th. Aoal., 
1 (X97^), 232- 242. 
( IT ) 
{21) asrliKm, B. :^,t t'oXyomisXw watinffirm a t^inmita 
^h&ormt S. 'lath, na l . Appl.^iaO) a^T ), 54V558. 
(221 :arl(»on,9, C., /^|>«ll'» fuaotion r'^  a» a doublt 
aTtraj5«, '^laa J . ' ^ t b . 4nia,» £ (197>), 9 6 ^ % 9 . 
(23] 0 rlfiont 3 . ^ , , "'fe« naod fa r a new ola»olflcatlon of 
docdjio h3fpp?^oni©trlo eerittfi, ."roc. Aji^r, *fath, Hoc., 
:i4 a m ) , £21 - 224. 
fanotlone r«l»t«d to Lauflo«lla»c functions, Jnafwbha, 
^ c t A, 1 (1973), 119- 156. 
(25] ^!maa«l, a. •• "Jlagb , Sfrat* ana /»dd«a«ft '0 ; ^n 90m 
Riultipl* hyp«r?3«o««trio funotlvrw r«lat«d to kiurlo@11a»t 
fumjtloa««, Jftanatoba, ''««t. A, S (1975), 177-180, 
[26] Obhabra, '^. ?, and msala, ^..G,, A trani!ifona*:iOfs fomtila 
for a mtiBVfX hypavs^omtviQ function of thr»« vai*labla«, 
Simts>tm^ 9A'^  (i9e^), 155-159* 
I27J TNwhpand©, v,L,, 0«ii«r£itlnu rtelatlans Involving hjrpar-
gooiaetrio ftaotion* of thrt« v&rtabl©«itJnaniitelia,'Tict.A, 
•I (1974), 47- 57. 
( ^ ) 
[203 ''«»himnf*©, V, L,, Certain fofntilae asftoolatc^d with 
t!yi>9r^O!Mtrio fufiotir>n« of ttm^t var ia^l ts t '^V9 and 
Ap7ll«(5 'fafehet5ifitlkft mi^noem, U (1981), 39 • 45. 
(291 'feowan, 3» S.t *50ji« #xj>an«iioni! In proiuott of hyp«r-> 
(1969 )• 721- 724. 
pt '3 THiawui, Q. S., nyp«rg«cm«tplc tunotiotm of thiraa •artablan, 
PTOO. nat . Aoafl, '^el, Io«ia, ^:eot. A, 42(197'), 43-4e, 
(31] KrdaljTl, A., ^raruifomations of t^p«rgeoa«trio funotlona 
of two Yiiria^lafi, lipoo,^oy. no©, ^idicibiirgh, *^tot. A , 
^ a 940), 378« 385. 
l32] PJf^lyl, '"^ a., liypapgaoaietrio funotionB of two #ai*iabl««, 
Aota la th . , fij C1950), 131 - 164. 
(33] r^rAiilyl, A., 'tagnue, ?,, Obtrhattiogar, f. aofl Trlooai, 
F .a . , J^lj*h*»r tFiyi«o«Eid«ntal fttsotismi, Vol. I ,'iat«!i«a 
^fanuncrlpt pirojaot, «»:iWM»-4llll Book Co. Ino. *<•« Yoric, 
1953. 
( v l ) 
p f l nrdipljrl, A,, 'Magnus, ^h$ "Jbtfrhttting^p, s'. and 
?Fio<Ml, ^•S.f Highiir f!ran«o«n^at«l fenetlorM»t vol, 11^ 
Batosifm lanufwript Project!, fclraw^iill took Co. Ine. 
Kirojeo*, iioC#riMiH.KlU nock Co. Ino. %^« ¥oi*, 1954. 
p6 ] ?.5cton, H«, On o«»rtaln oonfluaut fcyp»i*5<>ogi#frio fouoti >n» 
of thrpo vaflabUHt aanlta, ZLi^) im^)* 79- 92. 
(37] Rxtont n,, C«rtala hypot^«ai«trie ftiiioti'>n{i of fo«a» 
variatolM, Bull. «?oo. ^ath. Oreot (n.*;,), Jjj (l?72), 
104- 113. 
JSO] i^ton, H., On t#o tsultlplo hypirgeoBie'rle ftmctit i^wi 
wilGt«d to TsKjrloolla»« D^ • ^o*oefcfea, ^-oot.A, g 
(lOT^). 5 9 - 7 3 . 
[39] Sjrton, n., Soao inttgral p«pr«!!i«nt«tl?>nii ana tran** 
foraatlons of h:/p«rs#aa«%rlo fuoetiona of four varlal>l««, 
Rull.'^.^ath.ilr»oo (n.*^.)U (1973), 132-140. 
( vl i ) 
po3 *:xtont K* '^ B the roducitiilitgr of th« triple hyp«r-
gtomtrlo funo%loi» P^, F^  anfl Hg, Indian J. 'lath,, 
IS <1976), 65- 69. 
«j^liOiiUon», BlUa llorwood U»lt©<3, Ohloh#«t»rt r. i^t 19' 
[42] *»tont II.• A nott on m t!yptr«T»o»ii#trle i>«n«fO!^atlon^ 
Bull. OftX, '%tli. f?ac., U (1979)• 357 - 34). 
[43] ?»iah»iat S.t tvxp«H8lofw ana lnt«Krsl trciffisfowm for 
prot^uots of li^stMrr* «nd ^icmltt polynoi3lal»« a^ t^ -irt. 
J. Hath,, Oxford «?«r,, U (1940), 18- 29. 
[44} ?«iaiMila, E.t ^•lations tntrv 1«0 polynonos a« Jaodbi, 
Ia«u«rr« iit a»mit«. Acta Math,,22 {1942), 117- 158. 
(45] 53l«l«t«io, 5 . . Op«rtttlt>!ml rtpre^mntaU n*^  of whlttalj»r*» 
oonflMHit feyp«r?!»ooatrlo foneti^n and *J©her*» parcbollo 
oyllnd«r fimotl on. Pros, London Math, '^oc. (2) K (1932), 
13 - 125. 
[461 Crttpta, K, n. . A ndootion fomula for %;^ll»« function 
P^,aanlta, U, (1965 )• 81« 82. 
( irlU ) 
(47] Hulia* ^,A. tioa a-<aila!St ^A., r)oi*l« ItiUr tran»* 
fotwatlons of e«Ptain hjrp«T^«»wtrle fciiotloo«t ''^^ 
{49] Maib#rtt "^•» 'i'*» oonflutnt hjrjH f^g««>i«ftrlo funotl^nn of 
two •ariablM* PT<». ^ y . *^ oo. r'dlrib&rfh 'Jeet. A t 
ilC9) (192-), 73- 96. 
[D"") Jiiin, H. ^.t "n* oonfltwnt h?p«r?f»oiwitTio f«notl'>n« of 
31 (^2) (1966), 395- 400. 
[51] ^arl»?»on, P«r >,• %auetlf>n of onf^^n i)s:(>fif»mlis«<l ^^ affpt 
d« 9 t^>i«t funoUon«« Hath. Soaod., 2i£ (1973 )• 26*> 268. 
[^J ^Cartpnoo, ?9V vi., Ti»gioa« of oomevBotic^ for hyp^rmomtrU 
fH!Tde9 m thrm Vftrlabltt, mth. 'iO*nd.^i4 (1974 )f241-248. 
[53l KarliffOOt ?»r s^ .t T «^fionii of oo!tv«rsf«fs«« for eoow of 
Ext on** h^ rperi;«oqi«*:riQ teri*!), r^ tNtovl. Akadl« %t«Bi?oh. 
Proe. 'Jen A SL • Jn!««M5. *iith.i2(1970), 72- 75. 
( ix ) 
[54] ^han^ BufiAu t Cotttribotlon to the ntudy of tf^lpta and 
l^uartnjpi© byp^rgtoB^trle funotlomit ^^•^m tfe«ffl«, 
Ali^jarh loalla mivemlty , AUnarht laaiA, 1981. 
(551 ^aaf "• «** ?" theuit %A«t -'« o^rt^ xln fejrp«T??«on«trio 
foBOtlon of thr9« variablt»- It *^ o«x3how J, ^ath., 2 
a9Ql), 85- 91. 
[563 Omn« B, and ?&tbiyit f.A.. « r>n son^ tratwfOKjationw of 
4pp«U*8 fonetlon P^ * Tasfltong T. *4ath*t IS Cl) Cl9Q2>t 
25 - 35. 
(573 '^tt«a* I* A«t G«ntr£itiag fenotlone for J i^oobi and cvlstod 
polynniiiAl»» Proo. m»r, m%K "^Ct 3£ (1972), 179-106, 
[583 Kban, 1. A., Oontv&tlRg fanotloj» for Jaootel, »*i^ ot»re 
mxiA H«iifi«l polyno«ialf»t Indian J. ?WP» i^ nd ^ppX. '%th«t 
a (1972). 437- 442. 
£$9j Xul»hjuaih«ha, '^.s:,, A th#o«^ on '^ ^^  tramfoxv, I^ roo, 
<at. Aoad. Sci . India. *^ 4iot. A , 31^(2) (1966). 225-2^9. 
(ftOj Ltturlodlla, a, . «}6ll« fuasionl Ipax^aoiBetrleha a pf^ 
•corlfiblXi, R»na. Clre, ifat. Ptaaroo. 2 (1893). 1X1-158. 
( J l ) 
d«ri^';iv«« And Sptciftl funoU-oet '^ i««! l«v,^ia(197fe)» 
240 - 268, 
fes] I«b«tev« JJ. %§ <?p*olal funotlsjntg ana th«ir applicatlofw 
(?vwml&te6 from th» u^a^ i^an by '^ ioharfl A,* l^v»»iwisin) 
?T«ntloe«H{ill» Inc. irnglewooa <^llff«, r«w J«r^y»l965, 
[63"] Uikmt «^ ^•t *?** 8p«oiel funotlona an6 their apnr«ima-
tions* Vol.1, AoaAt^ic Pmsitt ^^ tw Yot4c anfl Lom^ on l%9. 
[64] i^iac5^ ob«rtt '^.-•t ^uootionis of a aQ«pl«x«VAPii^l«» 7hi 
*te»!illl«n and Co^  Lt<S. London (fourth ©aition), 1999 
(r»priat«d)• 
[653 "^ ^^ i^ i^^ f ^'^ ^•» *^«a» f«>^ *5»l»» Involving .\pp«ll*ii fmotion 
?2» fotbtwitloa (Cltt3)t a<3?)tl»(1967)t 85- 90. 
[66] ^noclm« !!• L., so»« blllai»ar g»otrating fc&oU^ns for 
Jaoobi polynomial9f Proo, C«'-j>ri'8s« PtiHoii, '^c,* fil 
a967), 457- 459. 
[67] 'iioaoclmt H. L., Bil lmar an^ trilin«tir g©n©rftini! fonotion 
for J^dbt polynottialet Proo. ::t&^rliim i'bllos* ^oc*,^ 
<136a), 607- 69^ ^^ . 
{ « 1 ) 
[68] itatoohA* n.L,, ">a Apptll'i funoUon ^g, ?roo. c«J!ibrld«« 
blloti« *?oo*, 65 (1969)• 687- 699. 
[69l ^noohat ^^  K$ ^©wiratliis funotlono for JaeObl and 
lAgutrre poljma«l@l<i« *fat, Ve«nl&, IX (26) (1974)#43-47. 
(jTOl '^ ^uMbat H«i'« and f^ hasma* B«L«, '^ usaoM t^lon of inflnit« 
0«tri«a, J. Au«trid. mtfc^ SOc,, ^Cl96C)t 47'>-476, 
[Til t^enoohftf H.L. and b^&cttfit B«L,, PrftotlomOi A«rlvfttlv«« 
aod «ii«giAtloii», J. Indian Hath. r>oc. Cr?.*^J,aa(l971)» 
371 - 382. 
\J2] f^uootf P. C,, On Jao^i i^ l^jn)ogiialff» i»«»c. Qmhrl^m 
Phlloa. '''00., fi3(l969)» 691 - 695. 
[751 ')t)art)attii)«»r, \ and Badiit I*.* Cobles of X^laoa 
tramfoms, ^rHifjar-Vurlag, Htw Yoilc, Haiaalb«ifg, 
Ti«rlltt, 1973. 
(74J ndhaa, %^^ and *)panlert J.t 9i^'Otloaal OAIOUIU*, 
Aoad«alo ?f»fi»» r%« Terk, 1974. 
( xU ) 
C?5l Olse^tt, P»y O.'^,, A hype£i^ @OMtrio ''linotion of two 
v«rlfikbl«» of l«port«iiM In purtuf^a^lon %h«ory- I ^ 
/.fit. Pjr*. 1}(14) a9<i5), 167-191. 
p 6 ] Olwor*, HT O.M.i On tht intogratloo of th« diffftr«ntl«I 
•qufttlonn of flv©-pai?sn«trlo doublt hyp«ripoBi»tsrlo 
funoU>?» of Mootm oird©r» f. ^ t h . ?byi.^3Ja(6) (1977)» 
1283 - 1294. 
[77] iPan««flr, ^.C., On otrt^in hyp^rn^om^triti tranufowi*tloi», 
[7B] Patbant '^ ^ A., '>n th» 0«imtlon8 cf J?^ , Acta CUncla 
laaica, 1 (1974 )t 79 - 6^. 
(79] ?r*th«n, '1, A,t ^lRlft« »«»aEtl9n<» ©f 5^ rQ*9 f^usotlon H ,^ 
Bull. ln»t. mtK Ae«4. < i^elo«» 6<^970), 67- 71. 
[00] Pf*thim, '^, A.t On lioltJlplloatioa foiratila for hyp«rgeo-
fi»tric ftmotiotti* Vfnnsj^ock '*ifth. w.^l^(2) (1979), 
285 «• 288. 
[31J PstbAn, w. A,, On ecNM tranitfOCTtatli^a of trlpl* !yrp*i*-
(1978 )t 371- 376, 
l»OBMtrle atrleni P^'% XnAlaa J.i^rw Mppl.«ath,ja(4) 
( xili ) 
[82*1 Fathaa* '?• A^ » /* not© ?»n th« ^ntrallsatlon of ttm 
•Bsna^irn foy^ auliM* for &pp«U*« and ^mp6 de J'^rlttU 
hrpetmo-mtrie funotlonn, J, »3ttth, AQOI» Appl., 12(2) 
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ON SOME TRANSFORMATION AND REDUCTION 
FORMULAE OF GENERALIZED 
HORN FUNCTION Hi —I 
BY 
M. A. PATHAN and M. I. QURESHI 
Abstract. In tlu- present iiaper, we obtain the correct form of 
results of Kliaii and I'atlian [9J wliieh appeared in this journal. A 
nunilier of Iransfornialinns and reductions of generalized Horn function 
of three variables //^'"^ Srivastava's F'-^^ and their combinations 
together with their special cases are also discussed. 
1. Introduction, In a recent paper of Khan and Pathan [9] 
which appeared in this journal, a triple hypergeometric series Hi'"* 
[9; p. 85 (1.1)J was considered in the form: 
H['"'[a; b, c; d, e, ./ ; x, y, z] 
•^)'ini + n + p (b)n (< 
,„,„,,.„ id)„{€)„ if )pm\n\p\ 
(1.1) ^^ v (a)- „,+„+p (b)„ {c)p .V" yzi' 
where, as usual {a),„^ r{a + m)/r(a) and for convergence of 
multiple power series, we have the following Cartesian equation 
4r ^ (s + t - ly, \x\ <r, \y\ <s, and \z\ <t 
where positive quantities r, s, and t are associated radii of 
convergence. 
In fact HV"' is a special case of Exton's function f^jH'i''' [8; p. 97 
(3.5.2)] when k ~^- 1, n = 3 and is a generalization of Horn's function 
Hi\,7; p. 225 (1(V)] and Appell's function of second kind FsC?: 
p. 224(7)]. An integral rei^resentation for H['"> was the main tool 
used in |9J to obtain tiansformation and reduction formulae of 
hypergeometric functions of three variables. A closer examination 
of reduction formulae of Khan and Pathan [9; p. 90 (4.9, 4.11)] 
would reveal the fact thai: these i eduction formulae are not correct. 
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We first obtain in §2, the correct forms of [9; p. 90 (4.9, 4.11)] by 
using series manipulations and then proceed in §3 to obtain a 
number of transformations for H['"* into a triple series f-^^ or their 
combinations. Some special cases of its reductions to Appell's 
functions F^, Ft, Horn's function Hi and Kampe de Feriet's function 
are mentioned in §4. 
2. Corrections to reduttion formulae of Khan and Pathan. 
We have from (1.1) 
H\'\a; b, c; 2d - 1. 2b, 2c; - y, x, - x'j 
(2.1) " _(ahjn(-_y)"' 
= 2--^  (2d ~ l),„m\ ' " ^ ^(^^ + 2m; b, c; 2b, 2c; x, - x\ 
which on using a result of Bailey [3; p. 239 (4.4)] and interpreting 
the result with the help of the definition of Kampe de Feriet's 
double hypei-geometric function F^Vl in the notation of Srivastava 
and Panda [15; p. 423 (26)], gives a correct form of Khan and 
Pathan [9; p. 90 (4.9)] 
H\'\a; b, c; 2d ~ 1, 2b, 2c; - y,x, - x'\ 
a a + 1 b + c b + c + 1 
(2.2) 2 2 2 2 
- 4y, x" 
o , . 2b + l 2c + 1 , , 
" : 2fi — 1; , , b + c; 
2 2 
In (2.2) and in a transformation formula [9; p. 85 (1.2)] of 
Srivastava's triple hypergeometric series F^^^ [13; p. 428; see also 
5; p. 40] 
Hl''^[a; c, e; a — b + 1, d, f; —x, y, z] 
1 + (1 + ixY'"^ 
(2.3) . pm\^' '^•- ^ ' ' " ' " • ^^ ' ^' ^' 
L :: —; b; —: a — b + 1; d; f; 
i^_{i + Axy'^ 2y_ 2z ^ 
1 -1-(1+^4.T)'"/""' 1 +(1 + Axy- ' 1 > ( 1 + AxY''" A 
suitably adjusting the variables and parameters and comparing the 
right hand sides of (2.2) and (2.3), we have another correct form 
of Khan and Pathan [9; p. 90 (4.11)] 
ON SOMK TRANSFORMATION AND RRDUCTION FORMULAE 
OV \-,v:'NEHA1.V/\"l^  UUUN FUNCTION W'")^ 1 
^ , r « , r ^ - 2 ^ - 1 - 2 : : - -
(2.4) 
; - : ; b; c; 
a-2d + 2; - - : 2d - 1\ 2b; 2c; 
1 - ( 1 I- ?/)"= _ 2x^ - 2x _ 1 
1 + a + vY" ' 1+(1 + y~y" ' 1 +(1 + yy J 
_ / 1 + ( 1 + 7/)''=^" 
fl a + 1 . b -\- c b + c + 1 
2 2 2 ' 2 
— : b - , \ c ' 1 ^ 
.r-, - y 
2 
+ c: 2d-l\ 
H. More transformation and reduction formulae. Consider 
H['"'{a: b, c; d, e, f; .r, y, z\ 
(a)„^p {b)„ (c)i,y"zt' 
CM) 
(e)n(/')f.n\pl 
,l\ 
a -\- n -V p a -\- n + p , 1 , 
d 
•ix 
Now usiBg a result: [7 ; p. 112 (17)] for Gauss's ord inary 
hyperyeomet r i c function 2/''i[12; p. 45 (1 ) ] in (3.1) and in te rp re t ing 
the resul t in the form of Sr ivas tava ' s F ^ ' \ we get 
HV'la; b, c; d, e, / ; x, y, z\ 
2d - 1 
(H.2) 1 h 2{x'-) 
f(3) a:: — - - ; —: " _^  "• ; b; c; 
:: - ; —; -: 2d - 1; e; f; 
4 ( . 7 T ' ' = ) y z 
1 + 2(.r ' '^) ' l + 2 ( , r ' - ) ' H-"2(.7;' '-) 
If we replace ,7" by (x/2) — {x/2)~ in (H.l) and use a resul t in 
[7 ; p. I l l ( 6 ) ] , we get 
Hr\a; b,c: d e. f; ( f ) " f 3 j ' ' ^ ' ^ ] 
\a. a — d V 1:: •, (3.H) 
F'-' 
; - - : - ; b; c; 
:: --; a — d + 1; - : d; e; f \ 
\ 2 - .•}• / \ 2 - .r / \ 2 - .X" / ] • 
Next, we consider 
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H't''\a; b, c; d, e, 2c; x, y, z] 
(3.4) ^ (a)n{b)„v" 
^ Zw (<.)„„! J^^lc t- «- ^; fi' 2f; .7-, 2], 
and use a result [6; p. H82 (7.6), see also 14; p. 42 (22)]. to j^et 
H\'''\_a; b, c; d, e, 2c; x, y, zl 
_ 2 _ y ^ (a)„ib)„{2y/{2-^)Y^ 
2 - ^ / f^ {e)„n\ 
(3.5) K^fc + w. fl + « + l . . 2c + 1 . 
2 ' 
(2-2)= ' I 2 
where K is Appell's function of fourth kind [7; p. 224 (9)]. Now 
using an -identity 
(3.6) f^ A{n) = ^ A{2n) + £ ; A{2n + 1) 
in (3.5) and interpreting the result in the form of F'-^^, we get a 
reduction of H\''^ into a combination of two F'^'^'s in the form 
HV'^la; b, c; d. e, 2c; x, y, z~\ 
2 
2-z 
77C3) 
a a + 1 
2 ' " 2 
b b + l . 
'2' 2 ' 
16:1? 
( 2 - ^ ) = ' \ 2 - 2 
- : d 
2?/ \ ' i z 
2-z 
1 e e + 1 . 2c + l 
' ,^ ' . '^ 2 2 2 
aby I 2 \''-" 
+ . [2-z 
(3.7) p(.v 
a + 1 a + 2 
9. ' ' ') 
7 ? d; 
b + 1 b + 2 
2 ' 2 ' 
3 e + 1 e + 2 , 2c + 1 
o ' 9 ' ') ' 9 
( 2 - 2 ) ^ ' \ l 
2?/ 
ON MiMT' TRAN I^'MRMATION AND RT-nUCTinN I-ORMIIIAK jj-y 
oi' (;i';Ni;kAi.i/M) IIUKN i-rNci'ioN" //('•) i 
Now consider IJU' scries in the forni 
S lL"'\a\ h. h\ d. :'l>. 2b; .r. 2y, I'^ r | 
expicas ing it in a se i ics of Appell 's P\ and us ing the resul ts of 
Bailey [2 ; p. 11 (H.l), see also H; p. 2S9 (4.7)] and Carlson [4; 
p. 961], we get a t r ans fo rmat ion of H[''' into F " ' 
HPl'a; b. b; d, 'lb, 'lb: .r. 2?/, 2z^ 
1 
a rt + 1 . . _ . 
(3.8) / / C H ' 
; b; b; 
• • . 2 l , / ' ' : ' : ~ : , : 
A.v / y + z \" / ?/ - z 
{1~ y - z)"'[l- y - z) ' 11 - ?/ -
Similar ly by sui table ad jus tment of parametei-s and var iables in 
Hi''^ and us ing the t r ans fo rmat ion of Bailey [ 1 ; P. 79 ( 7 ) ] , we get 
II\'"'[a; b, e —b\ 4. e. e\ ,r, ?/, ?/] 
1 
a-? / )" 
V 
I 0:1 ;3 
4,r 
, e- e^-l (1 - : ? / ) - • U - y 
R; p. - . ; 
' 9 9 ' 
Similar ly wi th the help of t r ans fo rmat ions [12; p. 66 (2 ) ] 
[11 ; p. 688 (line 11 V| in C?,!), we have 
(H.IO) 
; ; - : - ; h\ c: 
; ff-^ I 1; —: d: e\ i\ 
( a i l ) 
'•P\a; b. c: d, e, / ; -^  '' „. y, z\ 
I (1 + .V)- J 
- (1 + .r)". / '"'I 
,r, yil + . r) , £(1 h .-/>) , 
1. ( l - . r - 0 = J 
- ( 1 - .r - r)"/f,r,lV/, o, rt. a: d d. b, c; 
d. d. (\ /•; .r, /. ?/(l - .r - / ) , z{\ - x - t) 
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where Z"io is Exton's function [8; p. 78 (3.3.10)]. 
4. Some deductions. When z = 0 or c =- 0, (3.2) reduces in the 
form 
(1 + 2(.vyn''H4la, b; d, e; x, y} 
L 2 ' ' ' l + 2(a-)'''' 1 + 2(.a-)'''== J 
When 6 ^^  0 or ?/ = 0 and .f = c in (8.3), we get 
(4.2) 
f-f H.\a,c-d,c- (5')-(^).-] 
(4.3) 
= F,\a; a - d + V, d, a - d + 1; ^ , ^^ 1 . 
L 2 - : f 2 - A - J 
When z = Q, e = b, (3.7) reduces to 
H.ia, b; d, b; x, y^= F.\j^; ^ +-^ ; d, \ ; 4.r, 2/=] 
+ «z/.i^[-4^; ' I''; d, l; ^x, t]. 
When .7,' = 0, e = ^, in (3.7), we get 
Fola; b, c; b, 2c; y, z'] 
2 
2 - 2 
(4.4) 
a . a +1 . 1 2c + 1 . ( 2y 
2' 2 ' \ 2 - z l '\2 
2 y'^ j-.ra + l . a + 2 . 3 2 c + 1 . 
^ 2 ' 2 ' 
+ ay 
-.n 
"'[• 
]• 
2-z, 
2yY ( z \2-
2-z) ' \ 2 - z . 
When z = y, (3.8) reduces to 
Hria; b,b; d, 2b, 2b; x, 2y, 2?/] 
1 
(1 -271)" 
r a a + 1 __. 
2 ' 2 • ' 
2 ' 2 ' 2 
(^. ^>) = 
d;b + > , 2b ; 
4.r / 2y '^ 
(1-2?/ )= ' 1 1 - 2 ? / 
(IN SCiMi: TRANSrnKMATIDN AND RKOUCTION rn RMU L A R J g g 
OF GENKKAr.IZKI) HORN FUNCTION H^n^ I 
In (3.9~), taking .v •- 0, y by y/a, \a] —> co and using a result 
riO; p. 48 (§3.r>) I and Kummer's first ttansformation [12; p. 125(2)], 
v/e can get easily Kaiuanujan's theoiein [12; p. 106 (5)]. 
In a transformation [9; p. 88 (4.2)], using (3.6) we get 
i_+( i + 4.70':^" 
2 / 
(4.6) . F . [ ^ ; « + l ; l , a - b + l; z\ - A-x^ 
1 + ( 1 + i.r)^^" \« 
+ az 
\ 
' ^ r ^ + l ; ^ + " ; ^-,a-b + l; zK - Aa^A 
L 2 ' 2 2 J 
When z->0 and replacing ?/ by y/{l — .v — t) in (3.11), we get a 
known reduction formula of Exton [8; p. 116 (4.1.16)] 
Fi.:la. a, a, b. d, d; e, d, d; ?/, x, t] 
L (1 - x-ty 1- x~t\ 
where FE is Saran's function [8; p. 66]. 
When z = 0 or c — 0 and e -^ b in (3.10), we have 
k8) H\c,b;d.b-, a ^ x r A (4.i 
== a + xY FAa; a - d + 1; d, a ~ d + 1; x, y(l + x)]. 
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A NOTE ON THE REDUCIBILITY OF THE TRIPLE 
H^PERGEOMETRIC FUNCTION Fj-
M.A. Pa than and M . I . Qureshi 
I r c c c i v e d 24 ! 'cbruar>-, 1982; r e v i s e d 13 . \ u g u s t , 1982,1 
Introduction 
I The p r e s e n t n o t e i s n o t i v a t c d liy E x t o n ' s work [ 7 ] whicli e o n t a i n s , 
nong o t l io r r e s u l t s , t h r e e crroneoii:- r e d u e t i o n f o r m n l a s ["; pp .hfi ( 3 . 2 ) , 
(3 . r i ,3 . (>) ] for L a u r i c c l l a ' s t r i p l e l iypergeomet r i c f u n c t i o n .-'^  of 
econd o r d e r ( t h a t i s , t h e f u n c t i o n F\. [ 8 ; n.f-b] in S a r a n ' s n o t a t i o n s ] 
d e f i n e d a s 
; > [ ; . . . ' ; ; . • . • : ^- , . • : . : • „ . . . : ] 
t;) ^ ,^  (; 'l.,.t'-l._,W'^-' 
U . l ) 
where \x\ < .", |:; [ < p , J.-,; < t, r * (p^'' + t^'^Y = 1 
ind (a)^, = Vi-i * K i y r i . t ) . 
We g i v e c o r r e c t i o n s t o t h e s e r e s u l t s of lixton in s e c t i o n 2 . Our 
p r o o f s w i l l not be a l o n a t h e l i n e s fo l lowed by f x t o n , who used t h e 
' . ap l ace i n t e g r a l r i r e s e n t a t i o n ["; ] i . ( . 6 C 2 l ] . i n s t e a d we s h a l l deduce 
hem by s c r i e s mani tn i la t ion t e c h n i q u e s . Some more l i n e a r , ( | u a d r a t i c 
e d u c t i o n fo rmulae of .'•,- i n t o Kami'C' de l - ' ^ r i e t ' s . Morn ' s and f i a u s s ' s 
j n c t i o n s and a t r a n s f o r m a t i o n formula o f '•'.. i n t o S r i v a s t a v a ' s 
f u n c t i o n , a r e g iven in s e c t i o n 3 . 
Math. Chronicle 12fl'.)K3) 12^-13'^ 
i2i i 
2. Corrections to Exton's reduction formulae 
In ( 1 . 1 1 , p u t t i n g e x p r e s s i n g in a s e r i e s form of 
A p p e l l ' s d o u b l e h y p e r g e o i n c t r i c f u n c t i o n o f f o u r t h kind " [S ; p. 2A 
( 1 . 4 . 4 ) ] and u s i n g a r e s u l t of Bu rchna l l [ 4 ; p . l l l l ( . ^ 7 ) ] in c o n j u n c t i o n 
wi th t h e d e f i n i t i o n of Kainpe dc F f ' r i e t ' s d i .uble h) 'pergeonietr ic f u n c t i o n 
in t h e n o t a t i o n of S r i v a s t a v a and Panda [ l l ; p .42.'S (^0) ] , we ge t t l ie 
f o l l o w i n g c o r r e c t e d form of t h e r e d u c t i o n formula of lixton [ 7 ; p . (i6 (.>. 2) ; 
s e e a l s o 8; p . 1.54 (4 . 7 . 8 ) ] 
F^i:!,a,a;h,<y, i,^.:-;^,:..'l 
.- + .''-1 
r, 4;/ . ( 2 . 1) 
In f 2 . 1 ) , jH i t t i ng ,r = -4;-', •'! - 21, .'" - e ~ •?, u s i n g t h e r e s u l t s 
of B a i l e y [ 3 ; p . 1 1 ( 3 . 1 ) ] and Burchna l l [ 4 ; p . 1 0 1 ( 3 7 ) ] , we have 
F,:.[ii,a,a\h,e,t';2}- ,e,c\ -4i' ,v,;•} 
,1 + 1 2.'>+2,-'-l 2.'-'+2,-+l 
2C + 1 2/ +2.:--l 
where ^F^ i s g e n e r a l i z e d h ) ' p e r g e o m f t r i c f u n c t i o n [ S ; p . liM 1 . 3 . 1 ) ] . 
( 2 . 2 ) i s a c o r r e c t e d form of l i x t o n ' s r e s u l t ["; i"). (i"^  (3 . .3) ; s e e a l s o 
8; p . 1 3 4 ( 4 . 7 . i n ] . 
.Again, p u t t i n g j ; - 4;/ , i = 2h, _'' = .= = c in ( 2 . 1 ) and p r o c e e d -
ing on t l ie same l i n e s of ( 2 . 2 ) , we get a n o t h e r c o r r e c t e d form of Eixton':-
r e s u l t [ 7 ; p.()7 (3.<i.l ; s e e a l s o 8; p . 134 (4 . 7 . 12)] 
Fja,a,a;h,c-,t';2h,c,^'-A:i,u,;.'\ 
( 1 - 4 ; / ) 
-a fV + 1 2 ; ' + 2 , - - l 2'- + 2 . ' 
Hi 2I-> + 2 . - - l 
( 2 . 3 ) 
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3. More formulae 
In 11.11 iHi t t ing ;" - •, i'ep.1 aLMm; ••• and ;.; bv ;< (1 - ."} and 
. • ; | 1 - , ' J r c s i ioc t i \ f l y , ex]ir-v':-s i ni' " . in a ^erit'-"; form of A p p e l l ' s F^ 
and u s i n g a r e s u l t <if iia i i-.'y [.'; ; ' . t j l-I . .i l ] , we ge t a r e d u c t i o n formula 
of .••',, i n t o K-ainrf dc l o r i't 'v- f u n c t i o n 
-. [- 1 - ; : i . : ; ! 1 - , 1 ] 
1 - ; • L( I - ;:l ! 
i l * : 
( I-;.) ( 1-"-rr ' n - ; . l ( l - ; - | j f.>.l} 
So t t in j i .' - -' in M . l l aiul u.-iinj, ,i . . . . -u l t o f S r i v a s f a v a [ l O ; p . 1112 ( 1 . 6 ] ] , 
wo got a roJoo i ion fortiMla i-f ; ^ i nl ii H o r n ' s d o u b l e h \pe r i ; eome t r ic 
func t i in i of .^1,'oon l^ v'rdei" - [^; i ' . .S(] 
"" v . - . ••:' , •. •. . . •. •: .- , , ' I - : : ) , ; : ! I • . .> ] 
= 1 (1 - ,.) ! 1 - ;•. I ! • . 1 I .:• -. ; . . '^ '1 
1-
f3 .2) 
A,t;ani, s o t t i n u .• = '( in ' .v i ' . eAni-^-. , i ni; •', in t e rms o f ( i a u s s ' s 
ordinai-v liyper-ouim. 11-j o Frirn. t : -it . IK; ji. I .i 1 I . 1 . 2 i ] and o s i n i ; a 
r e s u l t of Ba i ley [ l ; i ' . 8 1 i ^ i ] .-e i;el an i ri1 o r e s t i n;^  1 rat isforina t ion of 
^'. i n t o S r i i ' a s t a v a ' s t r i i ' U le pergenirn'i ,-i e f u n d ion of second o r d e r 
/y [ S ; p . r . l C S . l . y i ] 
~ [' . .••• . r . r , ' . • : ' , • , • : . : . , ' I - ;; 1 , r; 11 l ] 
- - . • . • ; - , y . . ] ("5.S) 
S i m i l a r l y in a r e s u l t of S r i v a s t a v a [ 9 ; p . 7 1 ( S . 3 } ] , makinj; s u i t a b l E 
a d j u s t m e n t of p a r a m e t e r s and v a r i a b l e s , u s i n g t h e r e s u l t s of E r d e i y i 
[ 5 ; p p . 3 8 2 ( 7 . ( 1 ) , . 383(8 .S1 , 3 3 1 1 ^ . 4 ) ] , [ b ; p p . 1 4 9 ( 2 1 ) , 1 5 0 ( 2 2 ) ] , B a i l e y 
[ l ; p . 7 9 ( 3 ) ] and .S r ivas t ava [ l O ; p . 1 0 2 ( 1 . 6 l ] , we Iiave t h e f o l l o w i n g 
r e d u c t i o n fo rmulae 
r , 2t3 + l 2.-) + l , ,. x H 
= (1 - r ) H, (3.4) 
Fja,a,a.;h,c,c;b,e,l + a - e ; x , ; , (1 - j-) (1 - zl ,3 (1 - x1 (1 - •-)] 
t 
( l - x ) " - ' ( ( l - i ) ( l - - ) ) %[.= .\ - e,e - a; l - > . ' 1 - . " 
= (\-x) ( l - i O -H^'^e -a,c,e,a;,'; j ^ 
(3..S) 
( 3 . b ) 
F _ [ a , f ; , a ; / ^ ^ , ' - - ; & , 2 t ? , l , 2 : / ( l -x) (1 - J ; ) , ; ! ( l - .r) (1 - 2;.0 ] 
= ( ( l - . } ( l - . } ) - X | a . c . ; ^ , l . , . , -2 . ; [^ t^l^ H-^  '^ T^ J ' ^ (3.7) 
F „ [ a , a , a ; 2 7 , f , e ; f c , e , l + a - e ; x , ; / ( l - j-J (I -;!),•-:{ 1 - x ) (1 - • /)] 
( (1 - x ) ( l - ; . ) ) . / , (5 .8 ) 
and 
FJLC: * f - l , e + / - l , e + / - 1 ; ? ) , e , c ;/i,f>, f ;.r,./,,-!] 
= (1 - xf'''"-''*\l - X - ." - P.)~'' . '?! I^ :-, 1 - '-•, 1 - .f"; , -2', -, , , .-". -i (3.9) 1-x-;/-.-: ' 1-.T-;/-,TJ 
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wlierc 7,,, 3,, anJ ;V, a r c a n o t h e r t y p e s of H o r n ' s d o u b l e h y p c r g e o m e t r i c 
f u n c t i o n s of scconJ o r d e r [>^; u , 3 b ] . 
KG a r c t h a n k f il t o t h e r e f e r e e f o r h i ? v a l u a b l e s u g g e s t i o n s in 
improving t h e ] i ape r . 
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